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1 Introduction

The question of how relevant the information contained in different parts of the return
distribution is to an investor has received considerable attention in the recent empirical
asset pricing literature (Ang et al., 2006; Van Oordt and Zhou, 2016; Chabi-Yo et al., 2018;
Lu and Murray, 2019), with number of studies focusing on the tails or extremes in the cross-
section of returns (Kelly and Jiang, 2014; Chabi-Yo et al., 2022). These studies typically rely
on assumptions about moment conditions as well as the existence of a model that generates
returns. In contrast to the literature, our aim is to use conditional quantiles of observed
returns to capture set of nonlinear factors that provide finer characterization of risk. In
particular, we want to explore the common, possibly non-linear movements in the panel of
the firm’s idiosyncratic quantiles. In doing so, we remain agnostic about the data generating
process. We believe that such structures provide richer information for investors than the
information that can be obtained by making assumptions about the moments. In particular,
we will identify where quantile-dependent risk exposures deserve greater compensation. Both
volatility and downside risk measures hide such details while aggregating information about
risk.

The information captured by quantile-dependent factors can be related to the behaviour
of investors with quantile preferences (de Castro and Galvao, 2019). Quantiles contain rich
information because they capture heterogeneity in risk and allow the separation of risk
aversion and elasticity of intertemporal substitution. Our main interest is to show that there
are strong common factors across quantiles of the cross-sectional distribution of asset returns
that are more informative about investors’ compensation requirements. We argue that such
risk is distinct from other types of risk associated with the distribution of returns, such as
downside risk or volatility risk. The quantile-dependent risk premia associated with such
factors are then used to generalise notion of upside risk and downside risk.

Just as quantile regression extends classical linear regression, our quantile factor model
of asset returns extends the approximate factor models used in the empirical asset pricing
literature. In the spirit of the popular Principal Component Analysis, which recovers the
conditional mean, we work with more general quantile factor models (QFMs). These are
flexible enough to capture quantile-dependent objects that cannot be captured by standard
tools. Unlike standard principal component analysis, quantile factor models are able to
capture hidden factors that shift distributional properties such as moments or quantiles.
Moreover, these factors can vary across the distribution of each unit in the panel, allowing
the factors to be properly inferred when the idiosyncratic error distributions have heavy

tails. Importantly, such factors differ from the usual mean and volatility factors when we



abandon the traditional location and scale shift model structure and allow for more general,
possibly unknown, data generating processes. In effect, quantile-dependent risk is treated as
constant in factor models based on such assumptions. Downside risk models then aggregate
the quantiles, usually under some distributional assumption.

Our main contribution is to investigate the pricing implications of common non-linear
factors that are quantile specific for the predictability of aggregate market returns and the
cross-section of stock returns. We are interested in factors that identify the risk premium
associated with different quantiles of the return distribution in terms of both downside (or
tail) risk and upside potential. Our approach will identify new information about risk beyond
the usual moments associated with tail risks. To this end, we use the quantile factor model of
Chen et al. (2021) and investigate the pricing implications of quantile-dependent factors while
controlling for various linear factors and exposures to them. Our objective is also motivated
by the increasing evidence of non-linearities in equity markets.! We aim to show that the
common quantile risk present in the stock return data carries different information from
the common volatility and downside risks. Our quantile dependent factors also carry strong
information for both the cross-section of asset returns and the time series predictability of
the equity premium.

We begin by identifying common factor structures in the idiosyncratic quantiles of stocks
in the Center for Research in Security Prices (CRSP) over a sample spanning 1960 to 2018.
We discuss the relationship with volatility and downside risk factors and show that quantile
factors have predictive power for aggregate market returns. Predictive regressions show that
a one standard deviation increase in quantile risk predicts a statistically significant increase
in annualised excess market returns of up to 7.05% in the case of the left tail. These results
hold out-of-sample, are stronger for the left tail, and are robust to controlling for a wide
range of popular predictors studied by Welch and Goyal (2007), as well as tail risk (Kelly
and Jiang, 2014), common volatility risk (Herskovic et al., 2016), and variance risk premium
(Bollerslev et al., 2009). We also document the predictive power of the upper tail factor with
a smaller effect of up to 3.50% increase in annualised returns, hence the effect is asymmetric.
Moreover, the predictive power of the upper tail factors disappears when looking at the
out-of-sample performance.

We also find that idiosyncratic quantile risk has significant predictive power for the cross-
section of average returns. We show that stocks with high loadings of past quantile risk in the

left tail earn up to an annual six-factor alpha of 8.57% higher than stocks with low tail risk

'E.g., Amengual and Sentana (2020) report a non-linear dependence structure in short-term reversals
and momentum. Ma et al. (2021) show that many firm-level characteristics have a complex relationship with
returns in terms of quantiles.



loadings for 0.2 quantiles. This risk premium is not subsumed by other commonly priced
factors such as common volatility, tail and downside risk, and other popular risk factors.
Investors thus have a strong aversion to tail risk with respect to the common movements in
idiosyncratic returns. On the other hand, the absence of the risk premium associated with
the factors for the upper quantiles suggests that investors are not upside potential seekers.
Both results are consistent with the literature on the impact of asymmetric dependencies on
asset, prices.

Our work is related to several strands of the literature. The first relates to the factor-
based asset pricing models that are very popular in the empirical pricing literature (Ross,
1976; Fama and French, 1993; Kelly et al., 2019). In sharp contrast to this literature, our
approach remains agnostic about the nature of the true data generating process and uses
the conditional quantiles of observed returns without imposing moment conditions.

The second strand to which we contribute is the study of idiosyncratic risk that co-moves
across assets, thus exploring common trends that are not captured by first moment factors.
The bulk of this research is motivated by the introduction of the idiosyncratic volatility puzzle
proposed by Ang et al. (2006a). Unfortunately, all existing explanations of the anomaly are
based on lottery preferences, market frictions or other factors® only for 29-54% of the puzzle
using individual stocks Hou and Loh (2016).

The third line of thought that we take into account deals with asymmetric properties of
systematic risk and how they are incorporated into asset prices. Interest in this type of model
was reignited by Ang et al. (2006) and their introduction of downside beta, which captures
the covariance between asset and market returns conditional on the market being below some
threshold. Bollerslev et al. (2021) further decompose traditional market beta into semibetas,
which are characterised by the signed covariation between market and asset returns. They
show that only the semibetas associated with negative market and asset returns predict
significantly higher future returns. More recently, Bollerslev et al. (2022) argue that betas
are granular and associated with a risk premium that depends on the relevant part of the
return distributions.

From a theoretical point of view, there are many justifications for the departure from clas-
sical common factor pricing theory to the asymmetric forms of the utility function. Probably
the most relevant for our work is the dynamic quantile decision maker of de Castro and Gal-

vao (2019), who decides based on quantile dependent preferences. Barro (2006), building on

2For a comprehensive list of references belonging to each of these categories, see Hou and Loh (2016).
The only exception to this observation is the lottery-based explanation using the highest realised return from
the previous month, proposed by Bali et al. (2011) and confirmed in European markets by Annaert et al.
(2013). However, Hou and Loh (2016) argue that this explanation is not valid as it is an almost perfect
collinear range-based measure of idiosyncratic volatility.



Rietz (1988), introduced the rare disaster model and showed that tail events may have signif-
icant ability to explain various asset pricing puzzles, such as the equity premium puzzle. The
other popular model that considers asymmetric features of risk is the generalised disappoint-
ment aversion model of Routledge and Zin (2010), which inherently assumes that investors
are downside averse. Based on these preferences, Farago and Tédongap (2018) introduced an
intertemporal equilibrium asset pricing model and showed that the disappointment-related
factors should be priced in the cross-section. Moreover, they prove that their model performs
well empirically by jointly pricing different asset classes with significant prices for the risk
associated with the disappointment factors.

There are also attempts to combine the two or three of these research agendas. Her-
skovic et al. (2016) introduced a risk factor based on the common volatility of firm-level
idiosyncratic returns, and showed its pricing capabilities for the cross section of different
asset classes. For example, Kelly and Jiang (2014); Allen et al. (2012); Jondeau et al. (2019)
explore the risks associated with skewness, tails and extremes. Giglio et al. (2016) estimate
quantile-specific latent factors using systemic risk and financial market distress variables to
predict macroeconomic activity. Much of the research investigating common tail risk and its
implications for asset pricing relies on options data. They argue that the tail factor identi-
fies additional information beyond the volatility factor. Andersen et al. (2020) show strong
predictive power for future equity risk premia in US and European equity index derivatives.
Bollerslev and Todorov (2011) combine high-frequency and options data and use a non-
parametric approach to conclude that a large part of the equity and variance risk premia is
related to jump tail risk.

The rest of the paper is structured as follows. Section 2 proposes the quantile factor model
for asset returns, discusses the methodology of estimating the quantile-specific factors and the
data we use, and provides the link to the volatility factors. Section 3 presents the results on
the time series predictability of the aggregate market return using the common idiosyncratic
quantile factors. Section 4 examines the cross-sectional asset pricing implications of the

proposed factors. Section 5 concludes.



2 Common Idiosyncratic Quantile Factors

Researchers usually assume that time variation in equity returns can be captured by relatively

small number of common factors with following structure?
rig = oy + B fi + €y (1)

where 7;; is excess return of an asset ¢ =1,..., N at time ¢t =1,..., T, f; is a k x 1 vector
of common factors and f; is a k£ x 1 vector of the asset’s ¢ exposures to the common factors.
Such time-series regressions as the one in (1) yielding high R? are used to identify factors
serving as good proxies for aggregate risks present in the economy. Exposures to the relevant
factors captured by f; coefficients should be compensated in the equilibrium and explain the

risk premium of the assets

Et[ﬁ,tﬂ] = 5;)% (2)

where the \; is a k x 1 vector of prices of risk associated with factor exposures. Importantly,
while the arbitrage pricing theory (APT) of Ross (1976) suggests that any common return
factors f; are valid candidate asset pricing factors, the idiosyncratic return residuals €;; are
assumed not to be priced. This implication is due to many simplifying assumptions, such
that an average investor can perfectly diversify her portfolio or that the linear model (1) is
correctly specified.

In these models, only common return factors are valid candidate pricing factors, and
sensitivities to those factors determine the risk premium associated with an asset (Ross,
1976). This strand of literature yields highly successful and popular results focusing on
the parsimonious models (Fama and French, 1993), as well as exploration of statistically
motivated latent factors. Recently, Kelly et al. (2019) introduced instrumented principal
component analysis, which enables to flexibly model the latent factors with time-varying

loadings using the observable characteristics.> In addition, Ma et al. (2021) introduced

3Recently, Lettau and Pelger (2020) introduce Risk-Premium Principal Component Analysis that allows
for systematic time-series factors incorporating information from the first and second moment.

4This approach dates back to Chamberlain and Rothschild (1983) and Connor and Korajczyk (1986).
For a comprehensive overview of machine learning methods applied to asset pricing problems such as mea-
suring expected returns, estimating factors, risk premia, or stochastic discount factor, model selection, and
corresponding asymptotic theory, see Giglio et al. (2022).

5Other notable recent contributions to the factor literature are, e.g., Kozak et al. (2018) and Giglio
et al. (2021). The recent availability of high-frequency return data also motivated the development of
continuous-time factor models.Ait-Sahalia et al. (2020) proposed a generalization of the classical two-pass
Fama-MacBeth regression from the classical discrete-time factor setting to a continuous-time factor model
and enables uncovering complex dynamics such as jump risk and its role in the expected returns.



a semi-parametric quantile factor panel model that considers stock-specific characteristics,
which may non-linearly affect stock returns in a time-varying manner. They find that many
characteristics possess a non-linear effect on stock returns. In contrast to these authors, the
approach used in our paper is more general since it allows not only loadings but also factors
to be quantile-dependent. Moreover, our approach does not require the loadings to depend
on observables and has direct relation of the approximate factor models that are ubiquitous
in the finance literature.

While large literature have focused mainly on the diversification assumption, we aim
to question linear nature of the factor model, and our focus is on exposure to parts of id-
iosyncratic return’s distribution instead. Recently, Herskovic et al. (2016) documents strong
comovement in idiosyncratic volatility that does not arise from omitted factors, and even
after saturating the factor regression with up to ten principal components, residuals that are
virtually uncorrelated display same co-movement seen in raw returns.

While the exposure to common movements in volatility seem to carry strong pricing
implications, we ask if there exist additional structure insufficiently captured by volatilities
especially in a non-linear and heavy tailed financial data. In other words, we ask if various
parts of the return distributions may have pricing implications for the cross-section of stock
returns.’

In parallel to simple factor structure in idiosyncratic volatility of a panel of returns recov-
ered commonly by researchers (Ang et al., 2006b; Herskovic et al., 2016), we aim to recover
genuine unobserved structure in idiosyncratic quantiles. These quantities will be more infor-
mative for investors in case of the heavy-tailed nonlinear data in which the second moment
is not sufficient quantity for capturing risk. We will show the relation of quantile factors
to volatility under some specific model assumptions, relate the proposed factor model to
existing approaches recovering various factor structures from data and also provide a first
look at the quantile factor structures in cross-section of the U.S. stocks. Importantly, we will
show that our quantile dependent factors carry different information from the structure re-
covered using volatility or some popular downside risk measures that require certain moment

conditions to be met.

6Ando and Bai (2020) document that the common factor structures explaining the upper and lower tails
of the asset return distributions in global financial markets have become different since the subprime crisis.



2.1 Quantile Factor Model

To formalize the discussion, we assume the panel of returns of length 7" and width N after

elimination of common mean factors from the time-series regression
— T 3
Tit = Qi + B fi + €y (3)

to have T-dependent structure f;(7) in idiosyncratic errors that we coin common idiosyncratic
quantile — CIQ(7) — factors, fi(7)

Q.. [TI1:(7)| =2 (1)), (4)

that implies

€it = %’T(T)ft(T) + ui(7), (5)

where f;(7) is an 7(7) x 1 vector of random common factors, and ~;(7) is r(7) x 1 vector of
non-random factor loadings with (1) < N and the quantile-dependent idiosyncratic error
u; +(7) satisfies the quantile restriction Plu;+(7) < 0| f;(7)] = 7 almost surely for all 7 € (0,1).

To estimate the common factors that capture co-movement of quantile-specific features of
distributions of the idiosyncratic parts of the stock returns, we use Quantile Factor Analysis
(QFA) introduced by Chen et al. (2021). In contrast to the principal component analysis
(PCA), QFA allows to capture hidden factors that may shift more general characteristics such
as moments or quantiles of the distribution of returns other than mean. The methodology is
also suitable for large panels and requires less strict assumptions about the data generating
process as we will discuss in detail here.

The quantile-dependent factors and its loadings can be estimated as

N
argmin 253" pr (e~ 1) (6)

(V1Y f15es 1) i—1 =1

where p,(u) = (T —1{u < 0})u is the check function while imposing the following normaliza-
tions % Zthl fif =1, and % Zf\il 77y, is diagonal with non-increasing diagonal elements.
A potential problem that may arise in small samples is the so-called quantile crossing, that
is, the estimated quantiles are not guaranteed to be monotonic in 7. If this occurs, the
approach due to Chernozhukov et al. (2010) can be employed to establish monotonicity of
the estimated quantiles. In our empirical applications reported later, quantile crossing never

arises.



As discussed in Chen et al. (2021), this estimator is related to the principal component
analysis (PCA) estimator studied in Bai and Ng (2002) and Bai (2003) similarly as quantile
regression is related to classical least-square regression. Unlike the PCA estimator of Bai
(2003), the estimator does not yield an analytical closed form solution. To solve for the
stationary points of the objective function, Chen et al. (2021) proposed a computational
algorithm called iterative quantile regression. Moreover, they show that the estimator possess
same convergence rate as the PCA estimators for approximate factor model. We follow their
approach when estimating the quantile factors.”

It is important here to make relation to the recent literature that attempts to recover
possibly non-linear commonalities and dependence structures in cross-section of returns. For
example Pelger and Xiong (2022) allowed factors to be state-dependent, Chen et al. (2009)
provided theory for nonlinear factors and Gorodnichenko and Ng (2017) estimated joint level
and volatility factors simultaneously. Important strand of the literature is using copulas
and documents nonlinear tail dependence, co-skewness, and co-kurtosis in cross-sectional
dependence among monthly returns on individual U.S. stocks (Amengual and Sentana, 2020)
or provides flexible copula factor model (Oh and Patton, 2017) .

Different from these studies, our model remains agnostic about the nature of the true
data generating process, and use the conditional quantiles of the observed data to capture
nonlinearities in factor models. In contrast to the literature, we also do not require the
idiosyncratic errors to satisfy certain moment conditions. Hence our approach is more flexible
as it estimates factors shifting relevant parts of the return distributions without restricting
assumptions, relying on the properties of the density. The approach also departs from
existing factor literature in not requiring the loadings to depend on observables and considers

the factors to be quantile-dependent objects.

2.2 Relation to common factors in volatility

Quantiles of stock returns can be related to variety of quantities as well as distributional
characteristics in specific cases. A specifically important quantity in finance that can relate to
quantiles of the return distribution for a typically assumed location-scale model is volatility.
As discussed by ample literature started by Ang et al. (2006b), there exists genuine factor
structure in the idiosyncratic volatility of panel of asset returns. Applying PCA (or cross-
sectional averages) to squared residuals, once mean factors have been removed from the
returns (a procedure labeled PCA-SQ hereafter) will recover that structure. We will use this

approach to study the relation to quantile specific factors on data, but before we do so, let’s

“We employ the authors’ Matlab codes provided on the Econometrica webpage.



discuss the relation theoretically.

It is important to note that the volatility structure will be recovered only if the data-
generating process were to be known, and well characterized by the first two moments of the
distribution. Yet in case of more general, or even unknown data generating processes that will
not be well characterized by the first two moments, such approaches will fail to characterize
the risks precisely, and quantile factor models will estimate more useful information.

To illustrate the discussion and provide the link between volatility and quantiles in such
restrictive models, let’s consider the data generating process to be a typical location-scale
model with two unrelated factors in the first and second moments. Idiosyncratic returns e; ;
of such model will be zero mean i.i.d. process independent of both factors with cumulative
distribution function F,,. Further let Q. (1) = F,;,(7) = inf{s : F,,(s) < 7} be a quantile
function of €;; and assume the median is zero. Then the following model that is typical for

finance

rig = Bifre + (0] fan)€in, (7)

where 0, is time-varying volatility of an ¢th stock and o, fo; > 0 can be assumed to generate

returns. When f;, and fy; do not share common elements, then
Qu[FIA()] = Bifrs + 0L fo4Qer (7) (®)

for 7 # 0.5 and Q,, [Tlft(T)} = B fis for 7 = 0.5. Note that here loadings on the factor
are the only quantile-dependent objects and structure in the mean and volatility describes
well the structure in quantiles. While this is already restrictive example that operates with
the assumption on first two moments, even in such case standard PCA will not provide
consistent estimates if the distribution of €;, is heavy-tailed (Chen et al., 2021).

But what if the data follows more complicated models than the one implied by location-

shift models? Consider adding asymmetric dependence such as

Tit = Bifie + fop€is + f3,t€?¢7 (9)

where ¢;; is standard normal random variable with cumulative distribution function ®(.).

The quantiles of the returns will then follow

Qu. [TIFi()] = Bifi +071() [fos + f3,071(7)?), (10)

for 7 # 0.5 and we can clearly see that second factor in f(7) = [fi4, for + f3.@71(7)?]" is

10



quantile dependent.

The main benefit of the model proposed is that being agnostic about data generating
process and moment conditions, we use conditional quantiles of the observed returns to
capture nonlinearities in factor models. In case these factors are different from those obtained
on first and second moments, they will also be more informative for investors. In the next
section we estimate these quantities and compare them to volatility as well as other downside

risk factors to find support that data show such a rich structures.

2.3 Common Idiosyncratic Quantile Factor and the US firms

To estimate the common idiosyncratic quantile — CIQ(7) — factors, we use returns on stocks
from the Center for Research in Securities Prices (CRSP) database sampled between January
1963 and December 2018. We include all stocks with codes 10 and 11 in estimating the
CIQ(7) factors. We adjust the returns for delisting as described in Bali et al. (2016). We
follow the standard practice in the literature and exclude all “penny stocks” with prices less
than one dollar to avoid biases related to these stocks.® We performed the analysis using all
the stocks, and the results did not qualitatively change. When not stated otherwise, we use
monthly data for both factor estimation and beta calculations.

In the process of the factor estimation, we proceed in a few steps. First, we use a moving
window of 60 months of monthly sampled observations. We select the stocks that have all the
observations in this window. For all these stocks, we run time-series regression to eliminate

the influence of the common (linear) factors
Vit =0+ 6 fit+ey, t=1,....T (11)

and save the residuals e;;. For the common factors f;, which we eliminate from the stock
returns, we resort to the three factors of Fama and French (1993).° Second, we use the

residuals from the first step and, for every 7, estimate common idiosyncratic quantile factors,

fe(7)
VT ey = %i(T) fi(T) + wie(7) (12)

where the quantile-dependent idiosyncratic error w;(7) satisfies the quantile restriction fol-

lowing the methodology discussed in the previous subsection. We use only the first — the

8See, e.g., Amihud (2002).

9As discussed in Herskovic et al. (2016), there is a little difference between the results obtained us-
ing factors of Fama and French (1993) and purely statistically motivated ones estimated using the PCA
framework.
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most informative — estimated factor for our purposes. In the overwhelming majority of the
cases, the algorithms proposed in Chen et al. (2021) select exactly one factor to be the correct
number of factors that explain the panels of idiosyncratic returns.

Since we are interested to see how the quantile dependent factors relate to volatility,
we estimate an approximate factor model on squared residuals that captures the common
volatility factor. More specifically, we use residuals obtained from the Equation 11, square
them and estimate on them first principal component using PCA. Such factor denoted as
PCA-SQ will fail to capture the full factor structure if the distribution of the idiosyncratic
returns possess non-normal features (Chen et al., 2021).

While it is one of our main questions to study if quantile dependent risk is present in the
markets, and is not subsumed by volatility and downside risk, we first look at the correlations
between these risks. Consistent with common volatility factor literature, we also focus on
the changes in the CIQ(7), and we work with ACIQ(7) factors.!® Intuitively, we will look
at how investors price the innovations of these risks rather then levels.

Table 1: Correlations between CIQ(T) and other factors. The table reports correlations between CIQ(T)

factors and factors related to the asymmetric and variance risk. Data contain the period between January
1963 and December 2018.

variable / 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

Panel A: Levels of factors

PCA-SQ -0.76 -0.73 -0.69 -0.56 -0.24 0.15 0.23 0.53 0.70 0.75 0.78
CIvV -0.45 -043 -0.39 -0.31 -0.06 -0.05 0.15 0.27 0.36 0.39 0.40
TR 0.13 0.12 0.12 0.07 0.01 -0.11 -0.11 -0.26 -0.27 -0.24 -0.23
VRP -0.05 -0.04 -0.05 -0.02 0.04 -0.09 -0.03 0.07 0.08 0.08 0.09
VIX -0.37 -0.34 -0.30 -0.20 0.12 0.11 0.20 0.36 0.40 0.39 0.39

Panel B: Differences of factors

PCA-SQ -0.53 -047 -0.43 -0.30 -0.09 0.21 0.22 0.37 0.53 0.59 0.65
CIvV -0.21 -0.20 -0.18 -0.15 -0.09 0.04 0.07 0.09 0.10 0.11 0.08
TR 0.04 0.03 0.03 -0.01 -0.08 -0.10 -0.15 -0.26 -0.29 -0.27 -0.25
VRP 0.12 0.11 0.11 0.06 0.08 -0.02 -0.04 -0.06 -0.08 -0.09 -0.10
VIX 0.24 0.25 0.27 0.27 0.26 0.04 0.07 0.10 0.02 -0.04 -0.11

Table 1 reports correlations between CIQ(7) factors and factors related to the variance
and asymmetric risk. In Panel A, we work with levels of CIQ(7) factors and other factors,
in Panel B, we focus on differences of the factors. First, we look at the dependence between
CIQ(7) factors and PCA-SQ factor. We can see that the correlation is the strongest if we
move to the tails with the correlation for CIQ(0.1) and PCA-SQ being equal to -0.76 for
the level of the factors but it decreases substantially if we look at the differences with the
correlation being equal to -0.53. Moreover, the correlation is stronger for the CIQ(7) factors

with 7 above the median.

107 not stated otherwise, in the rest of the paper, we perform all the analyses using ACIQ(7) factors.
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Next, we look at the correlations with the common idiosyncratic variance factor of Her-
skovic et al. (2016). In this case, the correlations are slightly higher for 7s below the median,
with peak correlation at 7 = 0.1 being equal to -0.45 for the levels of the factors. On the
other hand, if we move to the differences, the correlation decreases to -0.21. Correlations
with the tail risk factor (TR) are relatively small with the peak at 7 = 0.8 with a -0.29
correlation. Especially low are the correlations between TR factor and CIQ(7) factors for
downside values of 7. Correlations with the variance risk premium (VRP) factor of Boller-
slev et al. (2009) are very low as well, with values no higher than 0.12 in absolute value
for both levels and differences of the factors. Finally, correlations with the VIX index are
symmetrical around the median 7 with a peak of 0.39 at 7 = 0.9 while there is a stronger
correlation between downside 7s and the VIX with values around 0.26 in differences.

This preliminary analysis suggests that behavior of idiosyncratic quantiles shocks is in
non-negligible part distinct from shocks to volatility and downside risk measures.

In addition, Table 2 provides correlations between CIQ(7) factors at different quantiles.
Correlation between CIQ(7) in levels for the upper and lower part of the distribution are
far from perfect, e.g., the correlation between the lower tail factor CIQ(0.1) and upper tail
CIQ(0.9) is -0.69. This observation suggests that the factors do not simply duplicate infor-
mation and are hence not likely to be rescaled information contained in common volatility
factor (captured by e.g., PCA-SQ). Moreover, this dependence decreases substantially if we
look at the increments of the CIQ(7) factors — dependence between lower and upper tail
factors reduces to -0.32. These results suggest that there is a potential for different pricing
information across quantiles and that this information does not simply mirror information
contained in the common volatility.

Table 2: Correlations between CIQ(7) factors. The table presents unconditional correlations between
CIQ() factors in levels (above diagonal) and differences (below diagonal). We estimate the factors using

FF3 residuals of the monthly CRSP stocks’ returns. Data contain the period between January 1963 and
December 2018.

T 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

0.1 . 0.98 0.95 0.86 055 -0.03 -0.05 -0.32 -0.56 -0.63 -0.69
0.15  0.97 . 0.98 091 063 0.00 0.01 -0.24 -0.50 -0.58 -0.65
0.2 0.93 0.97 . 0.95 0.71 0.05 0.05 -0.16 -042 -0.52 -0.60
0.3 0.85 0.91 0.95 . 0.82 0.13 0.15 0.06 -0.22 -0.33 -0.43
0.4 0.68 0.77 0.83 0.93 . 0.23 0.28 0.36 0.12 0.02  -0.08
0.5 0.07 0.12 0.17 0.25 0.34 . 0.75 0.41 0.34 0.30 0.26
0.6 0.12 0.17 0.21 0.29 040 0.78 . 0.47 0.40 0.37 0.32
0.7 0.14 0.24 0.31 0.49 0.66 0.47 0.54 . 0.93 0.87 0.79
0.8 -0.10 -0.01  0.07 0.25 046 0.41 0.48 0.92 . 0.98 0.94
0.8 -0.21 -0.13 -0.05 0.13 0.35 0.39 0.46 0.85 0.96 .

0.97
0.9 -0.32  -0.25 -0.18 -0.01 0.22 0.33 0.39 0.75 0.90 0.95 .

Overall, we can see that the correlations between CIQ(7) factors and other related factors
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are far from perfect. The highest degree of comovement is, not surprisingly, seen for levels
of CIQ(7) factors and PCA-SQ factor, which is substantially reduced if we look at the
differences of those factors. Moreover, a strong asymmetry in the correlations across 7

suggests that the information contained in the downside and upside CIQ factors differ.

3 Time-series Predictability of Market Return

We start examining the information content of the CIQ(7) factors for subsequent short-term
market returns. Here we aim to predict the monthly excess return on the market that we
approximate by the value-weighted return of all CRSP firms. In the regressions, we also
control for popular predictive variables used in Welch and Goyal (2007) as well as three
closely related factors — TR factor of Kelly and Jiang (2014), the innovations of common
idiosyncratic volatility (ACIV) factor of Herskovic et al. (2016), and the VRP factor of
Bollerslev et al. (2009)."! Moreover, we construct the PCA-SQ factor and use its increments
to control for the effect of the common volatility. Because the CIQ(7) factors are estimated
using a rolling window, we use the last value of the factors estimated from each rolling
window to construct a single series of the CIQ(7) factors.

First, we report the results from the univariate regressions of the market return on the

differences of the CIQ(7) factors at various 7 quantile levels of the form

T+l = Y0 + 71 X Afe(T) + €141 (13)

in Table 3. We report estimated scaled coefficients to capture the effect of one standard
deviation increase of the independent variable on the subsequent annualized market return.
The corresponding t-statistics are computed using Newey-West robust standard errors using
six lags.

The results in Table 3 document strong predictive power using the ACIQ(7) factors for
the left part of the distribution, with the peak for 7 = 0.3, where the increase (decrease) of
one standard deviation in the factor predicts subsequent decrease (increase) of 7.05 percents
in annualized market return.'?> There is also some predictive power for the upper tail factor
when CIQ(0.9), but the effect is much smaller with only 3.50 percent increase in annualized

market return accompanied with only less than one-third of the R? from the lower tail. From

"'We replicated tail risk factor construction of Kelly and Jiang (2014) by ourself; we acquired data of
Herskovic et al. (2016) from Bernard Herskovic’s webpage and data of Bollerslev et al. (2009) from Hao
Zhou’s webpage.

12Note that the lower tail factors are on average negative. Increase (decrease) of these factors corresponds
to the decrease (increase) of risk, which leads to a decrease (increase) of the required risk premium.
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Table 3: Predictive power of the ACIQ(7) factors. The table reports results from the univariate predictive
regressions of the value-weighted return of all CRSP firms on the ACIQ(7) factors for various 7 € (0, 1).
Coefficients are scaled to capture the effect of one standard deviation increase in the factor on the annualized
market return in percent. The corresponding t-statistics are computed using the Newey-West robust standard
errors using six lags. We report both in-sample (IS) and out-of-sample (OOS) R%s. We also truncate the
predictions at zero following Campbell and Thompson (2007) (CT) and report corresponding IS and OOS
R?s. The time span covers the period between January 1960 and December 2018.

T Coeff. t-stat R2IS R20O0S R2ISCT R?200SCT
0.1 -6.31 -2.77  1.40 1.09 1.21 1.42
0.15 -6.49 -2.74  1.48 1.17 1.20 1.45
0.2 -6.38  -2.63 1.43 1.13 1.14 1.33
0.3 -7.05  -2.98 1.75 1.21 1.21 1.41
0.4 -6.59  -2.92 1.53 0.58 0.83 0.76
0.5 0.15 0.07 0.00 -0.37 0.00 -0.19
0.6 0.29 0.13 0.00 -0.30 0.00 -0.23
0.7 -0.88  -0.48  0.03 -0.67 0.03 -0.37
0.8 2.09 1.13 0.15 -0.26 0.10 -0.08
0.85 3.05 1.67 0.33 -0.03 0.21 0.31
0.9 3.50 1.88 0.43 0.06 0.29 0.31

a perspective of an investor, in times of high risk — captured by large negative increments
of the left-tail CIQ(7) factor, she requires a premium for investing. And thus, these risky
periods correlate with the high marginal utility states of the investors.

Together with in-sample (IS) R?, we also report the out-of-sample (OOS) R? from ex-
panding window scheme. We use data up to time t to estimate the prediction model and
then forecast the t 4+ 1 return (the first window contains 120 monthly periods to obtain
sufficiently reasonable estimates). Then, the window is extended by one observation, the
prediction model is re-estimated and a new forecast is obtained. We repeat this procedure
until the whole sample is exhausted. The corresponding R? is computed by comparing con-
ditional forecast and historical mean computed using the available data up to time t, i.e.,
L= (Pt — Pongs11t)?/ Doy (Figs1 — Fine)? where Ty 411 i out-of-sample forecast of the
t + 1 return using data up to time ¢, and 7, is the historical mean of the market return
computed up to date t. Unlike the case of the IS R?, the OOS R? can attain negative values
if the conditional forecasts perform worse than the historical mean forecast. The positive
values of the OOS R? for 7 between 0.1 and 0.4 provide strong evidence for the benefits of
the ACIQ(7) factors for predicting the market return in the real-world setting. On the other
hand, the predictability vanishes for the higher values of 7.

To assess the economic usefulness for the investors, we further follow suggestions from
Campbell and Thompson (2007) (hence CT). They propose to truncate the predictions
from the estimated model at 0, as the investor would not have used a model to predict a
negative premium. This non-linear modification of the model should introduce caution into
the models. Based on this modification, we report both IS and OOS R?s. Naturally, using

this transformation, the IS R? does not improve for any of the models, but the performance
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rises for the OOS analysis. Results suggest that the common fluctuations in the lower part
of the excess returns distributions robustly predict the subsequent market movement.
Next, we run bivariate regressions to assess whether the proposed quantile factors contain

additional information not included in the relevant previously proposed variables

T+l = Y0 + 71 X Afi(T) + 72 ¥ ftcontml + €141 (14)

where we separately control for variables that may contain duplicate information. First,
in Table 4, we report coefficients and their t-statistics while controlling for differences of
the PCA-SQ factor, the ACIV of Herskovic et al. (2016), the TR factor of Kelly and Jiang
(2014), and the VRP factor of Bollerslev et al. (2009), respectively. For better comparability,
we also include results from the univariate predictions using the ACIQ(7) factors only. In
the case of PCA-SQ factor, we can see that neither the significance nor the magnitude of
the predictive power of the downside CIQ factors is diminished. Moreover, the borderline
significance of the upside CIQ factors vanishes. This suggests that the common volatility
element is not the driving force of the predictive performance of the quantile factors. In
the second case, while controlling for the ACIV, the results regarding the ACIQ(7) factors
remain the same, and ACIV proves not to predict future market returns. In the case of the
TR factor, the ACIQ(7) factors mirror the results from the univariate regressions in terms
of coefficients and their significance. TR factor is significant across all the specifications,
although its effect is smaller and less significant than in the case of ACIQ(7) for the lower
tail values of 7. In the third case, the VRP factor appears to be the most closely related in
terms of predictability to the ACIQ(7) factors.'®> The VRP is highly significant, and at the
same time, it diminishes the effect of the ACIQ(7) factors — the scaled coefficients decreases
around 1.7 percentage points, and the corresponding t-statistics are now approximately 1.5.
This decrease in significance may be also caused by substantial decrease of the available time
period as the VRP starts in 1990.

As a next step, we control for variables discussed in Welch and Goyal (2007).1* Instead of
a large table of coefficients and t-statistics through all variables and quantiles, we summarize
the results in the Table 5, in which we include t-statistics of the ACIQ(7) factors from the

bivariate regressions of the form 14 while controlling for said variables. We observe that none

13We acknowledge that there is no clear theoretical link between VRP and ACIQ(7) factors. The VRP is
associated with the aggregate S&P 500 composite index (rather than the value-weighted return of all CRSP
stocks), which it only significantly predicts over a medium-term horizon. However, we have included it for
informational purposes and to potentially stimulate a discussion regarding the relationship between these
two phenomena in the future.

“For the information regarding the specification of the variables, see Welch and Goyal (2007). We
obtained the data from the Iwo Welch’s webpage.
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Table 4: Bivariate predictive regressions. The table reports results from the bivariate predictive regressions
of the value-weighted return of all CRSP firms on ACIQ(7) factors for various 7 € (0,1) and other control
variables. We employ the PCA-SQ factor, innovations of CIV factor of Herskovic et al. (2016), TR factor of
Kelly and Jiang (2014), and the VRP factor of Bollerslev et al. (2009), respectively. Coefficients are scaled
to capture the effect of one-standard-deviation increase in the factor on the annualized market return in
percent. The corresponding t-statistics are computed using the Newey-West robust standard errors using
six lags. The time span covers the period between January 1960 and December 2018 except the VRP that
starts in January 1990.

control / 7 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9
cIqQ 631  -649  -6.38  -7.05  -6.59 0.15 029  -0.88 2.09 3.05 3.50
(-277)  (-2.74)  (-2.63)  (-2.98) (-2.92)  (0.07)  (0.13) (-0.48) (1.13)  (1.67)  (1.88)
R2 1.40 1.48 1.43 1.75 1.53 0.00 0.00 0.03 0.15 0.33 0.43
cIqQ 6.05  -612  -589  -654  -6.33  -0.62  -0.52  -2.56 0.22 1.35 1.93
(-2.45)  (-2.43) (-2.35) (-2.83) (-2.83) (-0.31) (-0.24) (-1.21)  (0.10)  (0.56)  (0.78)
PCA-SQ 0.48 0.77 1.14 1.74 3.14 3.79 3.77 4.59 3.54 2.86 2.40
(0.22)  (0.36)  (0.56)  (0.91)  (1.59)  (1.96)  (1.90)  (2.00)  (1.40)  (1.05)  (0.86)
R2 1.40 1.50 1.47 1.85 1.87 0.48 0.48 0.67 0.47 0.51 0.55
cIqQ 6.72  -6.80  -671  -7.29  -6.71 0.18 033  -0.84 217 3.15 3.56
(-2.82)  (-2.77) (-2.66) (-2.98) (-2.87)  (0.08)  (0.15)  (-0.47) (1.14)  (1.68)  (1.87)
ACIV -1.96  -1.96  -1.78  -161  -1.19  -0.57  -0.58  -049  -0.77  -0.92  -0.84
(-0.59)  (-0.59) (-0.54) (-0.49) (-0.36) (-0.16) (-0.17) (-0.14) (-0.22) (-0.26)  (-0.24)
R? 1.53 1.61 1.54 1.84 1.58 0.01 0.01 0.04 0.17 0.36 0.45
cIqQ 628  -644  -6.36  -6.99  -6.52 0.31 0.35  -0.76 2.27 3.12 3.58
(-2.76)  (-2.72)  (-2.63) (-2.96) (-2.88) (0.15)  (0.16)  (-0.41) (1.22)  (1.72)  (1.93)
TR 4.67 4.64 4.69 4.62 4.60 4.72 4.71 4.69 4.80 4.76 4.77
(2.33)  (2.32)  (2.35) (2.31)  (2.31)  (233)  (2.33)  (2.32)  (235)  (2.34)  (2.34)
R2 2.17 2.24 2.20 2.50 2.27 0.78 0.78 0.80 0.96 1.12 1.23
cIqQ -4.63  -4.80  -4.60  -4.67  -4.54 0.41 043  -0.92 0.85 2.31 1.67
(-1.39)  (-1.38) (-1.38) (-1.46) (-1.47) (0.15)  (0.14) (-0.35) (0.33)  (0.87)  (0.67)
VRP 11.83 1179  11.62  11.55  11.44 1158  11.56  11.52  11.64  11.73  11.67
(5.62)  (5.60) (5.38) (5.31) (5.22) (5.35) (5.32) (5.33) (5.45) (5.54)  (5.50)
R2 6.06 6.12 6.05 6.07 6.03 5.23 5.23 5.25 5.25 5.43 5.33

of the variables drives out the significance of the ACIQ(7) factors. Moreover, the magnitude

of the significance remains very close to the ones from the univariate regressions.

3.1 Prediction using many CIQ(7) Factors

Because it is ez-ante not clear on which quantile the investor should base her investment
strategy on, we perform an out-of-sample prediction exercise which utilizes information from
more than one ACIQ(7) factor when constructing a forecast. The results are summarized
in Table 6. We use either all of the factors when predicting the market return or we use
two disjunct subsets of them. Using the first subset, we employ a prior assumption that
only the downside factors (7 < 0.5) are significant predictors of the market return. Second
subset imposes the premise that the upside factors (7 > 0.5) possess the forecasting power
for the aggregate return. To do that, we use various models to exploit the information from
the ACIQ(7) factors. We train the models on the first 120 monthly observations and then
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Table 5: Controlled predictive significance of the ACIQ(7) factors using Welch and Goyal (2007) variables.
The table summarizes t-statistics associated with the ACIQ(7) factors from bivariate regressions when
controlling for macroeconomic variables discussed in Welch and Goyal (2007). The dependent variable is
the value-weighted return of all CRSP firms. The t-statistics are computed using the Newey-West robust
standard errors using six lags. The time span covers the period between January 1960 and December 2018.

control/ 7 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

dp -2.78 -2.75 -265 -3.01 -294 004 0.11 -0.51 1.11 1.65 1.88
dy -2.75  -2.72  -263 -298 -292 004 0.11 -0.52 1.09 161 1.84
ep =277 -274 -264  -299 -293 006 0.13 -0.52 1.11 166 1.87
de =277 -274  -263  -298 -291 007 0.12 -046 1.16 1.71 1.90
svar -2.81 -2.75 -264 -296 -2.87 0.10 0.21 -0.23 1.39 1.87 2.06
bm =277 =274 -263  -298 -292 007 0.13 -049 1.12 1.67 1.88
ntis -2.72  -2.69 -259 -293 -2.89 007 0.13 -047 1.12 1.67 1.87
thl -2.75 -2.74 -262 -295 -2.89 008 0.16 -044 1.15 171 1.88
Ity -2.75 -273 -261 -296 -2.89 007 0.15 -046 1.13 168 1.88
Itr -2.52  -2.62  -244 -2.82 -279 -0.03 0.08 -0.50 0.94 147 1.63
tms -2.82  -279 -268 -3.03 -297 009 014 -046 1.19 171 191
dfy -2.72  -2.69 -259 -295 -292 0.09 0.13 -047 1.11 1.62 1.82
infl -2.63 -261 -250 -2.8 -2.84 014 0.17 -045 1.08 162 1.79

expand the estimation window as discussed before. We report both simple OOS R? and OOS
R? CT to asses the fit. When performing regularization in the coefficient estimation, one
has to choose so called tuning parameters. We choose the tuning parameters based on the
in-sample leave-one-out full cross-validation procedure. We chose the forecast construction
methods following Dong et al. (2022).

The first models that we employ is an OLS model which uses a OLS fitted multivariate
regression model (estimated in-sample) to predict one-month-ahead return of the market.
We can see that using all the ACIQ(7) factors to predict OOS return yields a negative R2.
This is caused by the overfitting problem when we use many correlated variables and do
not impose any parameter regularization. Using only either downside or upside factors and
truncating the prediction at zero, yield some marginal gains for the investor.

The LASSO (least absolute shrinkage and selection operator, Tibshirani (1996)) model
(estimator) introduces a regularization in the estimation procedure of the predictive coef-
ficients. In the case of LASSO, only a subset of the predictors is chosen to have non-zero
coefficients. As we can see, the performances for all 7 and downside 7 models substantially
improve. On the other hand, prediction based on the upside 7s do not yield a good fit even
after the introduction of a regularization.

Next, we generalize the previous LASSO model and report results based on the elastic
net (ENET) estimator (Zou and Hastie, 2005). The estimator employs ¢; (LASSO) and ¢
(ridge regression, Hoerl and Kennard (1970)) penalty terms. For simplicity reasons, we chose
the penalty weights to be both equal to 0.5 without any tuning procedure. As we can see,
the results closely mirror the results from the LASSO estimation.

As a next model, we perform a simple combination forecast. We first obtain univariate
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Table 6: Out-of-sample performance of the forecast combinations. The table reports performance of various
specifications of multivariate predictive models using all ACIQ(7) factors, 7 below median ACIQ factors
(downside), or above median ACIQ factors (upside). The time span covers the period between January 1960
and December 2018.

All 7 Downside 7 Upside 7
model R? R2CT R? R:CT R? RICT
OLS -153  -040 -044 053  -031  0.39
LASSO 094 095 021 080 -025 0.14
ENET 092  1.03 007 071 -0.11 027
Combination ~ 1.10 ~ 1.06  1.26 139  -0.07  0.07
C-LASSO 079 092 093 129 -061 -0.23
C-NET 0.86 078 085 122 -065 -0.19
PCA 117 122 121 146  -0.31  -0.10

OLS selection  0.87 1.28 0.87 1.28 -0.73 -0.10

forecasts for each ACIQ(7) factor separately and then the final forecast is obtained as a
simple average of the univariate forecasts. We can see that the model performs very well for
selection of all s and downside 7s, with R? being up to 1.26% for downside 7s and R? CT
of 1.39%. On the other hand, upside 7s do not lead to any valuable forecasts.

C-LASSO and C-NET follow the same idea as the Combination model but instead of
averaging all the univariate forecasts, they run multivariate penalized regression (LASSO
and ENET, respectively) of the future market return on the univariate forecasts to select the
best combination of them. The resulting forecast is then obtained by plugging the last value
of ACIQ(7) from a window into the fitted models. Once again, all 7 and downside 7 subsets
perform both very well, with R? of 0.93% and R? CT of 1.29% for downside 7 C-LASSO.
But the models using upside 7 yield even negative R2. This is the case for all the remaining
models which use upside 7 factors.

PCA model aggregates information and creates the first principal component from all the
ACIQ(7) factors and uses it as the prediction variable in the univariate prediction regression.
We observe that the downside 7 PCA model performs the best across all the specifications.

Finally, the OLS selection model fits univariate prediction models for each ACIQ(7)
factor and uses the univariate model 13 with the best in-sample fit to predict the future
market return. This simple approach yields very solid performance of 0.87% for R? and
1.28% for R? CT.

To summarize this section, we observed that using the downside ACIQ(7) factors in
various multivariate models, we obtain significant positive performance. On the contrary,
the upside ACIQ(7) factors do not result into economic gains because they do not outperform
the forecasts based on the historical mean. All the results thus suggest that the driving force
behind the downside quantile factors’ performance is not the common volatility component

but the information contained in the left part of the common factor structure.
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4 Pricing the CIQ(7) Risks in the Cross-Section

In this section, we investigate the pricing implications of the presented common idiosyncratic
quantile factors for the cross-section of stock returns. We hypothesize that the stochastic
discount factor increases in the CIQ(7) risk, as the risk-averse investor’s marginal utility is
high in the states of high CIQ(7) risk. Based on that hypothesis, we assume that the assets
that perform poorly in the states of high CIQ(7) risk will require a higher risk premium for
holding by the investors. On the other hand, assets that perform well during these states
serve as a hedging tool and will be traded with higher prices and thus lower expected returns.
The stock’s sensitivities to the factors capture betas estimated by the linear regression of
stocks’ returns on the factors. If not explicitly stated otherwise, we use as our predicted
variable monthly out-of-sample returns following the estimation window. We also try to
predict one-year returns using portfolios to assess the persistence of the CIQ(7) betas and
thus indirectly investigate the transaction costs related to the trading of these factors. Data
that we employ cover the usual asset pricing period between January 1963 and December
2018. We exclude “penny stocks” with prices less than one dollar to avoid related biases.
To alleviate the concerns that the quantile factors simply mirror the dynamics of the
idiosyncratic volatilities of the single-stock returns, in the case of pricing the cross-section, we
perform the estimation of the factors using standardized idiosyncratic returns.'® Specifically,
we estimate time-varying volatility using exponentially weighted moving average model.
Then, we use the Af,(7) estimates as our risk factors. For all available stocks and and for

all 7, we estimate quantile-specific betas
rig = ai + Bi(T)AL(T) + vie(7),

using the least-square estimator. These betas will be used in the following asset pricing tests
as a measure of the exposure to the CIQ(7) factors. Same as the factors, betas are also
estimated using the 60-month rolling window. We include the stocks that possess at least 48
monthly observations. Betas computed up to time ¢ are used to predict returns at time ¢+ 1
or further — no overlap between estimation and prediction periods. The control variables are
estimated using the same procedure as originally proposed.

Later in the analysis, we also control for the effect of the increments of the PCA-SQ
factor, ACIV factor and many other related variables to show that the effect of the newly
proposed quantile factors is not subsumed by the effect of any related factor or stock-specific

variable.

15Tn Appendix in Table 16, we report correlations between the CIQ(7) factors estimated using standardized
data. The correlations are generally smaller.
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4.1 Cross-sectional Regressions

As a first step in the investigation of the cross-sectional implications of exposures to the
common idiosyncratic quantile risks, we perform two-stage Fama and MacBeth (1973) pre-
dictive regressions. We explore the hypothesis that the exposures to the ACIQ(7) factors
align with the future excess returns of the stocks. This type of asset pricing test moreover
conveniently allows for simultaneous estimation of many risk premiums associated with var-
ious risk measures. That means that we can estimate the risk premium associated with the
CIQ(7) risks while controlling for other risk measures previously proposed in the literature.
More specifically, for each time ¢t = 1,...,T — 1 using all of the stocks z = 1,..., N available
at time t and ¢ 4 1,'® we cross-sectionally regress all the returns at time ¢ + 1 on the betas
estimated using only the information available up to time ¢. This procedure yields estimates

of prices of risk Ayy1(7) while controlling for the most widely used competing measure of risk

CIQ(T CIQ(t ontro ontro
riern = at B CO @A (1) + BLETONLT + ey (1)

where B! is vector of control betas or other stock characteristics and A7 is vector

of corresponding prices of risk. Using T"— 1 cross-sectional estimates of the prices of risk,
we compute the average price of risk associated with each A\“/%(7) as
.z

)\CIQ(T) (7_) _ " )\tCIQ(T) (7_) (16)
t=2

and report them along with their ¢-statistics based on the Newey-West robust standard
errors.

We summarize the first set of results in Table 7 where we report estimation outcomes
of controlling the effect of ACIQ(7) factors by general risk measures. But first, we report
results from the univariate regressions on CIQ(7) betas. We observe similar results to those
obtained from the market predictions — the exposure to the common idiosyncratic downside
events is significantly compensated in the cross-section of stock returns. For example, CIQ(7)
for 7 = 0.2 possess a coefficient of 1.11 (¢-stat = 2.57), on the other hand, for 7 = 0.8, the
estimated coefficient is equal to -0.14 (¢-stat = -0.30). This suggests that the exposure to
the common idiosyncratic downside events is significantly compensated in the cross-section.
On the contrary, to hold assets with high exposure to the upside common movements the
investors have to pay a small discount for those stock, although not statistically significant

one.

16 A stock is identified as available, if it possess at least 48 monthly return observations during the last
60-month window up to time ¢ and also an observation at time ¢ + 1.
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Table 7: Fama-MacBeth regressions using ACIQ(7) factors and general risk measures. The table contains
estimated prices of risk and ¢-statistics from the Fama-MacBeth predictive regressions. Each segment con-
tains prices of risk of CIQ(7) betas while controlling for various risk measures. Data contain period between
January 1963 and December 2018. In each window, we use all the CRSP stocks that have at least 48 monthly
observations, and we exclude penny stocks with prices less than 1$. Note the coefficients are multiplied by
100 for clarity of presentation.

0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9
CIQ(7) 0.90 0.94 1.11 1.52 2.50 0.55 1.01 071 -0.14  -022  -0.27
(252)  (242) (257) (2.88) (2.80) (0.20)  (0.41)  (1.13)  (-0.30) (-0.49)  (-0.60)
CIQ(7) 0.41 0.46 0.59 0.95 1.78 0.55 0.91 1.02 0.39 0.30 0.22
(143)  (153) (L76) (2.18) (2.25) (0.21)  (0.39)  (L.74)  (0.97)  (0.80)  (0.59)
Mkt -0.23  -023  -023  -022 -023 -025 -025 -024  -0.25  -0.25  -0.24
(-170)  (-1.72) (-1.71) (-1.68) (-1.69) (-1.88) (-1.87) (-1.77) (-1.83) (-1.85) (-1.84)
CIQ(7) 0.72 0.75 0.87 1.19 203  -0.37  -1.11 041  -008 -0.11  -0.14

(2.56) (2.47) (2.54) (2.64) (2.65) (-0.17) (-0.52)  (0.80)  (-0.22) (-0.34) (-0.42)
Idiosyncratic volatility — -14.12 -14.14 -14.15 -14.17  -14.40 -14.57 -14.61 -14.64 -14.58 -14.24 -13.86
(-2.18)  (-2.18)  (-2.17)  (-2.20) (-2.17) (-2.20) (-2.20) (-2.19) (-2.21) (-2.18) (-2.12)

CIQ(T) 0.87 0.91 1.08 1.47 2.43 0.42 0.91 0.72 -0.13 -0.22 -0.28
(2.47) (2.38) (2.53) (2.76) (2.74) (0.15) (0.38) (1.17)  (-0.29) (-0.50)  (-0.63)

Idiosyncratic skewness 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.02
(0.26) (0.29) (0.28) (0.31) (0.33) (0.37) (0.41) (0.47) (0.47) (0.53) (0.57)

CIQ(7) 0.86 0.90 1.07 1.47 2.43 0.43 0.91 0.73  -0.12  -0.21  -0.27
(246)  (237)  (252) (2.76)  (2.75)  (0.16)  (0.38)  (1.18) (-0.27) (-0.48)  (-0.61)
Skewness 038  -030 -034 -025 -0.17  -0.13  -0.03 0.7 0.15 0.32 0.46

(-0.13)  (-0.10) (-0.12) (-0.09) (-0.06) (-0.04) (-0.01)  (0.06)  (0.05)  (0.11)  (0.17)

As those results suggest, there is a strong asymmetry in the pricing implications of the

ACIQ(7) factors. To further assess it, we perform the following set of bivariate regressions

Titr1 = Qg1 + 55,5[@(Tdown)AtH(Tdown)ClQ + /Bgle(Tup>/\t+l<Tup)CIQ + €11,

(17)
Taown = {0.1,0.15,0.2,0.3,0.4}, 7,, = {0.6,0.7,0.8,0.85,0.9}

where we assess the joint effect of downside and upside CIQ(7) factors. We report t-statistics
for each pair of A(Tuown)“'? and A(7,,)“’? in the Figure 1. We observe that the prices of
risk associated with downside risk remain statistically significant using every combination of
downside and upside CIQ factors. On the other hand, the risk prices for the upside potential
are in agreement with the previous results — insignificant but negative when controlling for
higher values of T4un.

Next, in the rest of the Table 7, we present results from bivariate regressions when
controlling for the effect of general risk measures. We report the results of including CAPM
betas by regressing the returns on the market return (Mkt). Interestingly, the effect of the
CAPM beta diminishes the pricing relationship for the extreme left 7 CIQ factors but the
price of risk related to the linear exposure to the market factor possess counterintuitive
negative sign — consistent with previous empirical evidence. Next, we control for the effect

of the idiosyncratic volatility computed from the residuals of the 3-factor model of Fama
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Figure 1: ACIQ(7) betas — bivariate cross-sectional regressions. The figure reports t-statistics of prices of
risks from bivariate regressions from the Equation 17 of CIQ(7) betas for downside and upside 7s. Data
contain period between January 1963 and December 2018. In each window, we use all the CRSP stocks that
have at least 48 monthly observations, and we exclude penny stocks with prices less than 18.

t—statistic

N {—— 0.6, down —e— 0.6, up
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+- 0.8, down ~+- 0.8, up
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P H-<- 09,down <~ 0.9, up

010 015 020 025 030 035 0.40
Tdown

and French (1993). The effect of the CIQ exposures remain very close to the one from the
univariate regressions. Besides that, we confirm the presence of the idiosyncratic volatility
puzzle. Next, we present results when controlling for idiosyncratic and total skewness. Those
variables do not possess a significant pricing information for the cross-section, on the other
hand, the effect of the CIQ factors remain consistent with the previous results.

Second, we report results from the bivariate!” regressions in which we include as a con-
trol various risk measures based on common volatility or asymmetric dependence. Those
measures were previously in the literature proven to be significant predictors of expected
returns. We summarize the estimation outcomes in Table 8.

To investigate whether the quantile factors provide different priced information beyond
conventional approximate factor models, we construct and control for the following factor
related to the common volatility. To do that, we proceed similarly as in the case of mar-
ket prediction and construct a factor based on principal component analysis that captures
dynamics in the common volatility. More specifically, as in the construction of the quantile
factors — using the 60-month moving window, we extract the standardized idiosyncratic re-
turns and square them. Then, we perform principal component analysis on those squared
residuals and take the first principal component that explains the most common time vari-

ation across the squared residuals, and we denote it as PCA-SQ. We then difference the

ITExcept for the coskewness and cokurtosis, which we include both at the same time in the regression.
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factor and use its increments as a control factor. From the results, we can conclude that
the quantile factors extract very different information regarding the expected returns, as
the specification based on the factor extracted from the squared residuals turn out not to
be a significant predictor in the cross-section of stock returns. One has to look deeper into
the common distribution if he wants to identify priced information regarding the common
distributional movements.

Next, we employ volatility betas computed on differences of the CIV factor of Herskovic
et al. (2016). We see that the results regarding CIQ(7) betas still hold both qualitatively
and quantitatively similar to the case of univariate regressions. Moreover, CIV risk is priced
as well; especially strong is the relationship when we control for CIQ(7) betas with 7 from
the right part of the distribution. These results suggest that both common idiosyncratic
volatility and quantile risk are priced and do not convey the same pricing information.

As another related control, we use the tail risk (TR) factor of Kelly and Jiang (2014). As
we can see, TR betas do not drive out the CIQ(7) betas’ effect, which remains significant,
similarly to the univariate specification. Next, we control for related group of risk measures
which consider the non-linear relationship between asset and market returns. By following
the specifications of Harvey and Siddique (2000) and Ang et al. (2006), respectively, we
control simultaneously for coskewness and cokurtosis. Once again, those measures do not
drive out the significance of the CIQ(7) betas. Coskewness possess the expected sign but
it is not statistically significant. On the other hand, cokurtosis is borderline significant for
7 > 0.5 but with opposite sign than expected.

Another approach to capture non-linear dependence is via downside risk (DR) beta, which
describes conditional covariance below some threshold level. We entertain the specification
of Ang et al. (2006), which sets the threshold value equal to the average market return. As
we can see, downside beta do not subsume the effect of the ACIQ(7) factors, neither it is a
significant predictor of future returns.

Another related left-tail risk measure is hybrid tail covariance risk (HTCR) measure
proposed by Bali et al. (2014). Although, it is highly significant predictor of expected
returns, it does not drive the effect of the CIQ(7) risks out. Next, we include negative
semibeta (7) of Bollerslev et al. (2021) in our bivariate regression. Similarly as in the
previous cases, the exposure to the quantile factors yields a significant risk premium.

Then, to control for the effect of comovement asymmetry between left and right parts
of the joint distribution of stock and market return, we include downside asymmetric co-
movement (DOWN ASY) measure of Jiang et al. (2018). This measure does not affect the
relationship between expected returns and CIQ(7) betas either.

To control for the effect of crashes in many risk factors, we control for multivariate crash
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Table 8: Fama-MacBeth regressions using CIQ(T) factors and asymmetric risk measures. The table con-
tains estimated prices of risk and t-statistics from the Fama-MacBeth predictive regressions. Each segment
contains prices of risk of ACIQ(7) betas while controlling for various asymmetric risk measures. Data contain
period between January 1963 and December 2018. In each window, we use all the CRSP stocks that have at
least 48 monthly observations, and we exclude penny stocks with prices less than 1$. Note the coefficients
are multiplied by 100 for clarity of presentation.

0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

CIQ(r) 0.87 0.93 1.01 1.31 2.21 0.40 0.79 1.09 0.20 020  -0.12
(245)  (252)  (253)  (2.69) (242)  (0.14)  (0.30)  (1.55)  (0.43)  (0.43)  (-0.26)
PCA-5Q 8.56 8.97 257 -9.04  -22.35 -23.82 -26.22 -39.26 -29.58 -30.30  -14.48
(0.35)  (0.37)  (0.11)  (-0.38)  (-0.92) (-0.93) (-1.01) (-1.38) (-1.04) (-1.07) (-0.54)

CIQ(r) 0.77 0.81 0.99 1.38 2.34 1.26 2.14 0.89  -0.04  -013  -0.18
(2.09)  (2.10)  (2.38)  (2.66) (2.68) (0.49)  (0.91)  (1.61) (-0.10) (-0.30)  (-0.41)

cIv 039  -040  -043  -046  -0.50  -0.57  -0.55  -0.55  -0.53  -0.53  -0.51
(-1.58)  (-1.64) (-1.75)  (-1.91)  (-2.08) (-2.46) (-2.35) (-2.34) (-2.21) (-2.23) (-2.16)

CIQ(r) 0.86 0.88 1.03 1.37 216  -0.77  -024 024  -043  -044  -0.44
(2.45)  (2.28) (242) (2.64) (253) (-0.29) (-0.10) (0.41)  (-0.91) (-1.00) (-1.00)

TR 0.11 0.11 0.11 0.12 0.12 0.12 0.11 0.12 0.12 0.12 0.12
(1.33)  (1.30)  (1.32)  (1.40) (1.41) (1.47) (1.42) (1.38) (1.43) (1.42) (1.36)

CIQ(7) 0.82 0.87 1.03 1.41 2.25 0.28 0.89 0.82  -003 -0.12  -0.18
(2.40)  (2.39)  (247)  (2.83)  (2.76)  (0.11)  (0.39)  (1.38)  (-0.07) (-0.27) (-0.41)

Coskew -0.12  -013  -0.14  -0.16 -0.16  -0.16  -0.15  -0.17  -0.17  -0.17  -0.17
(-0.44)  (-0.46) (-0.51) (-0.57) (-0.57) (-0.58) (-0.57) (-0.61) (-0.61) (-0.62)  (-0.60)

Cokurt -0.11  -011  -011  -0.11  -0.13  -0.16 -0.16  -0.15  -0.14  -0.14  -0.14
(-1.50)  (-1.48) (-1.45) (-1.51) (-1.72) (-2.06) (-2.07) (-2.01) (-1.90) (-1.88) (-1.78)

CIQ(r) 0.68 0.73 0.89 1.30 2.26 0.55 0.88 0.87 0.13 0.03  -0.05
(219)  (2.20) (2.39) (2.72)  (274) (0.21)  (0.39)  (1.51)  (0.33)  (0.07)  (-0.13)

BPR 012  -012  -012  -0.11  -0.12  -0.14  -0.14  -0.13  -0.13  -0.13  -0.12
(-117)  (-1.17)  (-1.15)  (-1.11) (-1.18) (-1.40) (-1.41) (-1.27) (-1.29) (-1.28) (-1.25)

CIQ(r) 0.96 1.01 1.18 1.63 2.69 0.51 0.69 0.68  -0.15  -0.24  -0.28
(2.76)  (2.60)  (2.88)  (3.19)  (3.15)  (0.20)  (0.29)  (1.10)  (-0.34) (-0.56) (-0.64)
HTCR 119.53 11876 118.64 11947 11891 111.84 113.06 118.60 11829 116.58 114.63
(3.00)  (2.98) (2.97)  (2.97) (291) (2.75) (2.77)  (2.88)  (2.92) (2.96)  (2.94)

CIQ(r) 0.80 0.80 0.84 1.06 168  -0.75  -0.73 015  -0.27  -0.32  -0.38
(241)  (243)  (2.32)  (2.22)  (2.00) (-0.28) (-0.28) (0.21)  (-0.55) (-0.70)  (-0.80)

B~ 0.15 0.14 0.13 0.12 0.12 0.11 0.12 0.10 0.11 0.12 0.14
(0.69) (0.64) (0.62) (0.60)  (0.55) (0.51)  (0.55)  (0.47)  (0.49)  (0.54)  (0.63)

CIQ(r) 0.86 0.89 1.05 1.44 2.34 0.33 0.78 0.66  -0.15  -0.22  -0.27

(245)  (226)  (246)  (273)  (261)  (0.12)  (0.32)  (1.09) (-0.33) (-0.51) (-0.63)
DOWN ASY  -0.46  -0.46  -0.55  -0.56  -0.54  -0.58  -0.50  -0.43  -0.40  -0.27  -0.20
(-0.23)  (-0.23) (-0.26) (-0.27) (-0.26) (-0.27) (-0.24) (-0.21) (-0.19) (-0.13)  (-0.10)

CIQ(r) 1.07 1.10 1.26 1.58 2.65 1.26 1.03 1.13 013 -0.01  -0.15
(2.70)  (2.56)  (2.68)  (2.61)  (2.54)  (0.40)  (0.37)  (1.55)  (0.25) (-0.03) (-0.32)
MCRASH 2.31 2.27 2.26 2.19 2.17 2.20 2.22 2.12 2.00 1.99 2.01
(2.59)  (2.57)  (2.55)  (248)  (2.43)  (241)  (2.46)  (2.25)  (2.07) (2.05)  (2.08)
CIQ(r) 0.92 0.96 1.09 1.45 2.19 1.01 1.58 0.83  -0.12  -0.24  -0.33
(270)  (2.62)  (2.66)  (2.72)  (2.40) (0.39)  (0.66)  (1.40) (-0.31) (-0.64)  (-0.89)
COSPRED  -2.19  -226  -229  -240  -251  -253  -257  -250  -2.37  -240  -2.42

(-1.30)  (-1.34) (-1.34) (-1.40) (-1.47) (-1.49) (-1.52) (-1.46) (-1.39) (-1.43) (-1.44)

risk (MCRASH) of Chabi-Yo et al. (2022).'® MCRASH possess significant predictive power

for the cross-section, which does not erase the effect of common idiosyncratic risk on the

18We employ the baseline seven-factor version of their measure.
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expected returns. Especially strong is the relationship between MCRASH and expected
returns when controlling for CIQ(7) risk in the left part of the joint distribution.

To control for the expectations of the coskewness, we also include stock-level predicted
systematic skewness (COS PRED) of Langlois (2020) in the regressions. We can see that
neither this variable drive out the effect of CIQ(7) factors.

We also investigate whether the pricing information of the ACIQ(7) factors is not sub-
sumed by stock characteristics based on accounting and trading information.!® To that end,
we provide the results of the multivariate cross-sectional regressions, in which we simul-
taneously control stock-level characteristics such as size, book-to-price, net payout yield,
turnover, illiquidity, profit, and investment. We report the results in Table 9. We can see
that the additional variables do not erase the pricing effect of the CIQ(7) risks. The downside
factors are significant determinants of the risk premium peaking at 7 = 0.3 with ¢-statistics
of 2.47. On the other hand, exposure to the upside factors do not carry any significant
pricing information.

Table 10 summarizes the results of controlling for the effect of past returns on the cross-
section. Same as in the case of previous set of variables, we report estimation results from
multivariate regression including variables maximum return, momentum, intermediate re-
turn, and lagged return. We observe that the additional variables slightly diminish the
effect of the ACIQ(7) factors for extreme left tail (7 between 0.1 and 0.2) but the effect
for non-extreme downside risk remain strong. The effect of upside quantile factors remain
insignificant even in this setting.

To summarize this subsection, we have shown that the CIQ(7) results from the Fama-
MacBeth regressions suggest that the exposure to the idiosyncratic downside common events
is significantly priced in the cross-section of stock returns, and that none of the discussed
risks drives out the significance of these results. On the other hand, the exposure to the
idiosyncratic upside potential captured by the quantile factors for 7 > 0.5 do not possess
significant pricing implications for the cross-section of stock returns. This asymmetry further
favors the hypothesis that the common volatility is not the reason behind the significant

pricing consequences of the downside quantile factors.

4.2 Portfolio Sorts

Next, we asses performance of the ACIQ(7) factors in terms of investment opportunities.
To this end, we look at the returns of the portfolios sorted on the CIQ(7) betas. Every

month, we estimate CIQ(7) betas for all stocks that possess 48 return observations during

19We construct the variables in the same vein as in Langlois (2020).
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Table 9: Fama-MacBeth regressions using CIQ(T) factors and stock characteristics. The table contains
estimated prices of risk and ¢-statistics from the Fama-MacBeth predictive regressions. Each segment con-
tains prices of risk of ACIQ(7) betas while controlling for various stock characteristics. Data contain period
between January 1963 and December 2018. In each window, we use all the CRSP stocks that have at least
48 monthly observations, and we exclude penny stocks with prices less than 1$. Note the coefficients are
multiplied by 100 for clarity of presentation.

0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

CIQ(r) 0.68 0.72 0.83 1.14 1.91 0.63 0.1 0.67 0.03  -0.04  -0.08
(220)  (2.13)  (2.28)  (247) (242) (0.25)  (0.05) (1.19)  (0.07) (-0.11) (-0.20)

Size -0.02  -002  -0.02 -0.02  -0.02  -0.02  -0.02  -0.02  -0.02  -0.02  -0.02
(-1.74)  (-1.75)  (-1.74) (-1.76) (-1.79) (-1.89) (-1.89) (-1.73) (-1.73) (-1.76) (-1.84)

Book-to-price 0.11 0.11 0.11 0.11 0.11 0.12 0.12 0.12 0.12 0.12 0.12
(L76)  (L.75)  (L71)  (L.71)  (L79)  (1.90)  (1.92)  (1.94)  (1.94)  (1.93)  (1.90)

Net payout yield  0.95 0.88 0.91 0.93 1.05 1.23 1.26 1.27 1.26 1.17 1.03
(1.19)  (1.12)  (1.13)  (1.07)  (L11) (1.21) (1.24) (1.26) (1.35) (1.33)  (1.33)

Turnover -0.10 -0.10 -0.10 -0.10 -0.11  -0.11  -0.11  -0.11  -0.10  -0.10  -0.10
(-2.05)  (-2.13) (-2.16) (-2.21) (-2.23) (-2.07) (-2.08) (-2.13) (-2.09) (-2.13) (-2.10)

Iliquidity 1.86 1.86 1.86 1.85 1.85 1.95 1.95 1.97 1.97 1.96 2.00
(1.08)  (1.09)  (1.09)  (1.08) (1.10) (1.18) (1.17) (1.14) (1.13) (1.13)  (1.13)

Profit 0.47 0.46 0.47 0.47 0.47 0.47 0.47 0.48 0.48 0.48 0.48
(3.60) (3.59) (3.61) (3.61) (3.56) (3.56) (3.57) (3.68) (3.71) (3.71)  (3.68)

Investment 039 -039  -038 -0.38  -039 -0.39  -039  -0.39  -039  -0.39  -0.39
(-7.13)  (-7.09) (-7.07) (-7.16) (-7.08) (-7.20) (-7.18) (-7.22) (-7.24) (-7.26) (-7.28)

Table 10: Fama-MacBeth regressions using ACIQ(T) factors and momentum-type characteristics. The
table contains estimated prices of risk and t-statistics from the Fama-MacBeth predictive regressions. Each
segment contains prices of risk of CIQ(7) betas while controlling for various momentum-type characteristics.
Data contain period between January 1963 and December 2018. In each window, we use all the CRSP stocks
that have at least 48 monthly observations, and we exclude penny stocks with prices less than 1$. Note the
coefficients are multiplied by 100 for clarity of presentation.

0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

CIQ(r) 0.49 0.52 0.63 0.88 1.79 0.83 0.13 0.72 0.13 0.10 0.08
(1.66)  (1.69)  (1.90) (2.11) (2.49) (0.37)  (0.06)  (1.31) (0.34)  (0.29)  (0.25)
Maximum return 21117 -1113  -11.12 -11.12 -11.12  -11.17  -11.22  -11.40 -11.49 -11.41 -11.24
(-3.16)  (-3.15)  (-3.14)  (-3.05) (-3.00) (-2.99) (-2.99) (-3.09) (-3.17) (-3.21) (-3.22)

Momentum 0.59 0.59 0.59 0.60 0.58 0.57 0.57 0.58 0.58 0.58 0.58
(3.68) (3.65) (3.68) (3.69) (3.63) (3.61) (3.61) (3.59) (3.63) (3.58)  (3.57)

Intermediate return  0.06 0.05 0.04 0.04 0.06 0.08 0.08 0.07 0.07 0.07 0.07
(0.32)  (0.31)  (0.26)  (0.26)  (0.35)  (0.46)  (0.45)  (0.40)  (0.38)  (0.41)  (0.42)

Lagged return -3.72 373 -3.76  -3.75  -3.60  -3.64  -3.62  -3.60 -3.63  -3.65  -3.70
(-7.05)  (-7.09) (-7.12) (-7.06) (-6.89) (-6.79) (-6.73) (-6.73) (-6.84) (-6.91) (-7.07)

the last 60 months using data up to time ¢.

We sort the stocks into ten portfolios based on

their betas for every 7 separately. We then record the portfolios’ performances at time ¢+ 1
using either an equal-weighted or value-weighted scheme. Then we move one month ahead,
re-estimate all the betas, and create new portfolios. We expect that, for 7 < 0.5, there will
be an increasing pattern of returns from the low exposure to the high exposure portfolios,
and vice versa for 7 > 0.5. The results for sorts based on ten portfolios summarizes Table
11. We observe an increasing return pattern for the portfolios with 7 up to 0.4 for both
equal-weighted and value-weighted schemes. This pattern practically disappears when we

look at the portfolios formed on higher 7 CIQ(7) betas. This observation is in agreement
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Table 11: Portfolios sorted on the exposure to the ACIQ(T) factors. The table contains annualized out-of-
sample excess returns of ten portfolios sorted on the exposure to the ACIQ(7) factors. We use all the CRSP
stocks that have at least 48 monthly observations in each 60-month window. We report returns of the high
minus low (H - L) portfolios, their t-statistics, and annualized 6-factor alphas with respect to the four factors
of Carhart (1997), CIV shocks of Herskovic et al. (2016), and BAB factor of Frazzini and Pedersen (2014).
We also report t-statistics for these alphas. Data contain period between January 1963 and December 2018.
In each window, we use all the CRSP stocks that have at least 48 monthly observations, and we exclude
penny stocks with prices less than 18.

T Low 2 3 4 5 6 7 8 9 High H-L t-stat a t-stat

FEqual-weighted
0.10 4.88 789 820 9.19 875 9.47 9.99 10.65 10.71 9.63 4.74 2.76 4.80 2.55
0.15 4.41 778 888 895 959 9.39 10.11  10.36 10.10  9.79 5.38 3.07 5.60 3.04
0.20 437 743 882 933 910 10.14 10.11 10.06 9.86 10.12 5.74 3.18 6.36 3.28
0.30 4.41 754 849 9.15 987 9.71 10.15 10.28 10.16  9.59 5.19 3.10 5.76 3.37
0.40 4.65 811 882 9.39 9.05 9.64 10.22 10.35  9.90 9.22 4.57 2.95 4.79 3.01
0.50 6.77 9.01 995 938 9.29 948 9.61 9.73 9.11 7.02 0.25 0.14 -0.84 -041
0.60 6.35 9.25 977 9.16 9.66 9.75 9.84 9.20 8.96 7.42 1.07 0.63 -0.80 -0.43
0.70 6.28 884 986 9.11 9.19 9.01 9.54 9.40 9.57 8.55 2.27 1.61 0.15 0.09
0.80 8.05 9.34 943 9.02 884 9.39 9.23 8.91 8.78 8.36 0.32 0.20 -1.67 -0.96
0.85 819 9.13 954 897 9.02 9.40 9.61 8.88 8.57 8.03 -0.16 -0.10 -1.83 -0.99
0.90 814 969 940 889 9.11 9.58 9.32 8.89 8.87 7.45 -0.69 -0.38 -2.17 -1.13

Value-weighted
0.10 4.08 5.07r 598 6.17 647 7.02 6.83 8.60 9.46 8.18 4.10 1.75 3.28 1.41
0.15 3.77 4.63 6.82 560 736 6.15 7.69 7.18 9.17 8.99 5.22 2.05 5.47 2.20
0.20 287 6.31 6.63 565 648 7.12 7.15 7.40 8.91 10.14  7.27 2.78 8.57 3.13
0.30 3.17 6.40 5.73 6.15 6.67 7.35 6.92 6.97 7.78 9.39 6.22 2.33 7.53 2.67
0.40 3.41 6.43 544 6.78 6.47 7.24 6.76 6.74 7.28 8.27 4.86 2.03 7.17 3.02
0.50 3.89 544 537 545 6.36 7.28 7.65 6.36 4.89 7.08 3.19 1.42 3.72 1.42
0.60 3.32 6.45 528 468 743 6.09 8.63 6.79 6.14 6.09 2.77 1.21 1.47 0.61
0.70 390 5.65 7.58 T7.48 6.94 6.47 6.29 6.20 5.94 8.40 4.51 1.92 3.50 1.34
0.80 429 7.17 6.46 584 6.88 6.77 6.39 6.18 5.17 6.96 2.68 1.09 2.31 0.93
0.85 5.09 6.80 6.19 6.61 654 6.77 6.75 6.14 5.54 6.33 1.24 0.50 1.41 0.57
0.90 4.62 6.71 6.47 590 642 7.27 6.19 5.69 6.07 5.05 0.43 0.16 0.49 0.18

with the results from the Fama-MacBeth regressions and suggests that only the exposure to
the lower tail common movements is priced in the cross-section.

Moreover, to formally assess whether there is a compensation for bearing a risk of high
exposure to the common movements in various parts of distributions of idiosyncratic returns,
we present returns of high minus low portfolios. We obtain these returns as a difference be-
tween returns of portfolios with the highest CIQ(7) betas and portfolios with the lowest
CIQ(7) betas. These portfolios are zero-cost portfolios and capture the risk premium as-
sociated with specific 7 joint movements of idiosyncratic returns. As expected, we observe
a significant positive premium for the difference portfolios only for 7 being less or equal to
0.4. These premiums are both economically and statistically significant. In the case of the
equal-weighted portfolios, the premium for CIQ(0.2) factors is 5.74% on the annual basis
with a t-statistic of 3.18. The premiums are very similar in the case of the value-weighted
portfolios — e.g., for 7 = 0.2 the premium is 7.27 with t-statistic of 2.78. This slightly

lower significance in the case of the value-weighted portfolios may be partially caused by the
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Figure 2: Performance of the CIQ(7) portfolios. The figure depicts cumulative log-return of high minus
low portfolios obtained from sorting the stocks into decile portfolios based on their exposure to the CIQ(7)
factors and buying the portfolio with high exposure and selling the portfolio with low exposure. Returns of
the portfolios are value-weighted.

T W

Cumulative log-return

1970 1975 1980 1985 1990 1995 2000 2005 2010 2015 2020

fact that the value-weighted portfolios possess a higher concentration, which leads to more
volatile returns.

To make sure that the estimated premiums cannot be explained by exposure to other
risks previously proposed in the literature, we regress the returns of the high minus low
portfolios on four factors of Carhart (1997) and CIV shocks of Herskovic et al. (2016) and
BAB factor of Frazzini and Pedersen (2014) and report corresponding annualized 6-factor
alphas. From the results, we can see that the proposed factors do not capture the positive
premium associated with the zero-cost portfolios. For the equal-weighted portfolio with
7 = 0.2, the estimated annualized alpha is 6.36% with ¢-statistic of 3.28, for value-weighted
portfolios it is 8.57% premium with ¢-statistics being equal to 3.13.

To visually inspect the performance of the value-weighted CIQ(7) portfolios, we present
in Figure 2 cumulative log-return of the value-weighted high minus low portfolios for every 7.
Consistent with the numerical results, only the portfolios based on CIQ factors for 7 < 0.4
provide strong performance during the sample period.

Next, in Table 12, we look at the performance of the CIQ(7) sorted portfolios captured by
the following twelve-month value-weighted returns. Each month, we construct portfolios as
in the previous case. Instead of saving the next one-month return of the sorted portfolios, we
record a twelve-month return, which follows after the formation period. Due to the passive
approach for the following 12-month period, we focus on the value-weighted performance
of the portfolios. We observe returns consistent with the results obtained using one-month
returns. The high minus low portfolios with 7 = 0.2 yield 6.62% (¢t = 2.43). The other
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Table 12: Portfolio results with 1-year holding period. The table summarizes annualized out-of-sample
returns of the CIQ(7) portfolios which are held for one year after their formation. The returns are value-
weighted.

T Low 2 3 4 5 6 7 8 9 High H-L t-stat a t-stat

0.10 2.83 437 6.01 6.25 591 577 6.74 918 942 9.17 6.35 2.64 5.49 1.82
0.15 2.78 472 6.09 581 6.54 592 787 870 9.10 895 6.17 2.05 5.49 1.43
0.20 260 523 6.04 7.08 6.29 556 7.58 873 888 9.22 6.62 2.43 6.44 2.29
0.30 293 5.00 590 695 648 6.22 710 7.18 873 830 5.37 1.87 7.35 2.43
0.40 3.34 453 637 643 6.03 669 643 7.8 7.46 6.33 2.99 0.87 5.31 1.60
0.50 4.82 461 506 546 6.18 864 7.42 647 558 6.72 1.90 0.78 0.75 0.25
0.60 4.68 5.12 522 596 585 7.05 800 6.65 626 6.11 1.43 0.73 -0.79 -0.29
0.70 2.88 6.04 582 6.56 725 680 6.95 648 6.56 6.48 3.60 2.31 3.67 1.16
0.80 4.02 6.53 5.12 6.71 715 6.93 7.26 6.59 589 4.22 0.20 0.09 -0.36 -0.09
0.85 4.27 578 546 6.63 7.58 T7.08 6.99 691 565 4.92 0.65 024 -096 -0.24
0.90 5.06 6.13 510 633 699 7.12 6.60 6.74 578 463 -043 -0.18 -2.78 -0.74

risk factors cannot explain these premiums as the 6-factor alphas stay economically and
statistically significant.

Due to the fact that only the exposures to the lower tail common movements are priced,
the previous results suggest that the CIQ(7) risks are not driven by the effect of the common
volatility. If it were the case that the volatility is the main driver of the obtained results,
we would observe that both exposures to the lower and upper parts of the joint movements
are priced, which is not the case. But to explicitly control for the effect of the common
idiosyncratic volatility, we perform dependent bivariate sorts by double sorting on betas for
PCA-SQ factor and betas for the ACIQ(7) factors. Every month, we first sort the stocks
into ten portfolios based on their PCA-SQ betas. Then, within each of the PCA-SQ-sorted
portfolios, we sort the stocks into ten portfolios based on their CIQ(7) betas. Finally, for
each CIQ(7) portfolio, we collapse all the corresponding CIV portfolios into one CIQ(7)
portfolio. This procedure yields single-sorted portfolios which vary in their CIQ(7) betas
but possess approximately equal PCA-SQ betas. The obtained results summarizes Table 13.
For the equal-weighted portfolios, we see that the risk premium captured by the returns of
the high minus low portfolios for 7 < 0.4 remains significant with an annualized return of
4.48% (t = 3.14) for 7 = 0.2. In case of the value-weighted portfolios, the return remain close
to the equal-weighted case with return of 4.51% for 7 = 0.2 (¢ = 2.21.). These observations
suggest that the CIQ(7) risk premium captures risk that is not explained to the common
volatility as described by the PCA-SQ model.

The portfolio results show that holding risk associated with the common idiosyncratic
downside risk is rewarded by a significant premium. On the other hand, exposure to the
common idiosyncratic upside potential is not related to robust pricing consequences. In
Appendix A in Tables 17, 19, and 18, we provide results of the same analysis using five

portfolios instead of ten. The results are qualitatively very similar to the results from the
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Table 13: Dependent bivariate sorts on CIQ(7) and PCA-SQ exposures. The table contains annualized
out-of-sample excess returns of ten portfolios sorted on the exposure to the ACIQ(7) and PCA-SQ factor.
Exposure to the PCA-SQ factor are approximately same across the portfolios. We use all the CRSP stocks
that have at least 48 monthly observations in each 60-month window. We report returns of the high minus
low (H - L) portfolios, their t-statistics, and annualized 6-factor alphas with respect to the four factors of
Carhart (1997), CIV shocks of Herskovic et al. (2016), and BAB factor of Frazzini and Pedersen (2014). We
also report t-statistics for these alphas. Data contain period between January 1963 and December 2018. In
each window, we use all the CRSP stocks that have at least 48 monthly observations, and we exclude penny
stocks with prices less than 1$.

T Low 2 3 4 5 6 7 8 9 High H-L t-stat « t-stat

FEqual-weighted
0.10 6.09 797 792 928 9.06 9.71 9.37 9.51 10.35 10.13 4.05 3.01 4.04 2.71
0.15 6.09 7.76 873 887 9.03 893 10.16 9.51 10.28  10.02 3.92 2.75 3.85 2.52
0.20 5.63 849 814 9.01 946 9.27 9.53 9.70 10.08 10.11 4.48 3.14 4.60 2.83
0.30 5.43 8.40 830 895 9.18 992 9.26 9.76 10.30  9.94 4.51 3.19 4.34 2.83
0.40 557 876 864 894 9.10 9.40 9.22 10.10 10.09  9.60 4.03 2.70 3.60 2.26
0.50 6.77 9.69 9.26 9.66 9.37 9.56 9.20 9.31 9.09 7.48 0.71 0.44 -0.10 -0.05
0.60 6.16 10.00 9.56 9.35 9.63 9.11 9.93 8.70 9.32 7.66 1.49 0.96 0.14 0.09
0.70  6.52 893 940 9.65 881 9.07 9.34 9.37 9.19 9.13 2.61 2.05 1.44 1.06
0.80 7.74 9.21 9.36 9.34 894 893 847 9.11 9.41 8.87 1.14 0.89 -0.20 -0.14
0.85 7.68 9.10 9.06 8.86 9.16 9.03 8.99 9.61 9.02 8.86 1.18 0.87 0.11 0.07
0.90 7.89 9.45 889 9.14 910 9.15 9.25 8.81 9.17 8.54 0.65 0.45 -0.67 -0.42

Value-weighted
0.10 529 582 555 6.07 599 553 6.95 8.12 8.23 9.80 4.52 2.19 4.13 2.05
0.15 4.67 6.12 6.37 526 585 643 7.30 7.18 8.11 9.39 4.72 2.25 4.68 2.34
0.20 5.07 7.21 498 6.92 544 6.08 6.68 7.12 8.12 9.58 4.51 2.21 4.86 2.24
0.30 5.02 702 590 6.50 569 6.38 6.73 5.82 8.31 9.39 4.37 2.07 4.59 2.07
0.40 4.30 7.02 5.77 7.04 549 6.64 6.44 6.80 8.11 8.12 3.82 1.79 4.36 2.14
0.50 5.68 480 5.62 6.10 6.48 573 7.78 6.83 7.39 5.35 -0.33 -0.15 -0.85 -0.36
0.60 458 594 569 5.02 6.87 548 7.78 7.26 7.93 6.09 1.51 0.72 -0.18 -0.09
0.70 6.06 6.11 697 6.68 582 7.08 5.77 5.94 7.03 7.59 1.52 0.72 1.24 0.59
0.80 464 720 6.13 554 6.63 7.16 5.28 5.47 6.90 7.14 2.50 1.21 1.56 0.71
0.85 4.62 6.71 6.46 6.13 6.58 548 6.22 6.78 6.82 6.36 1.74 0.89 0.56 0.27
0.90 365 845 6.12 574 533 692 6.01 7.41 5.90 7.13 3.48 1.59 1.64 0.74

above, confirming the robustness of our claim that the exposure to the common left tail
events is priced in the cross-section of returns.

Finally, we also repeat the exercise on the simulated universe of stocks. We simulate
stocks from location-scale model in order to see that risk factors will not be quantile depen-
dent, and will all be coming from the volatility. At the same time the exercise will show that
choice of small sample in the moving window does not bias the results. Detailed discussion
in Appendix A.1 shows that the premium associated with exposures to the different quantile
levels on simulated data are the same to the exposures on the PCA-SQ factors in magni-
tude. The risk premiums have identical significance, and is constant (with opposite sign
for downside and upside) over the quantiles. Hence if the returns were generated from the
location-scale model, then quantile risk would be equivalent across quantiles, and it would

be captured by the volatility risk.
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Table 14: Portfolios sorted on relative CIQ(7) betas. The table contains annualized out-of-sample excess
returns of ten portfolios sorted on relative CIQ(7) betas. We report returns of the high minus low (H -
L) portfolios, their t-statistics, and annualized 6-factor alphas with respect to the four factors of Carhart
(1997), CIV shocks of Herskovic et al. (2016), and BAB factor of Frazzini and Pedersen (2014). We also
report t-statistics for these alphas. Data contain period between January 1963 and December 2018. In each
window, we use all the CRSP stocks that have at least 48 monthly observations, and we exclude penny stocks
with prices less than 18.

T Low 2 3 4 5 6 7 8 9 High H-L t-stat « t-stat

FEqual-weighted
0.10 5.00 7.68 8.41 897 883 9.55 9.80 10.73  10.56  9.81 4.81 2.71 4.66 2.37
0.15 432 789 876 9.13 9.55 9.19 10.33 10.08 10.05 10.04 5.73 3.16 5.75 2.93
0.20 4.37 754 873 9.19 893 9.85 10.63 10.09 9.71 10.31 5.94 3.22 6.45 3.17
0.30 4.51 7.01 843 9.31 10.06 9.66 10.19 10.11 10.00 10.08 5.57 3.17 5.96 3.28
0.40 4.57 8.03 852 922 9.75 9.85 9.33 9.96 10.43  9.69 5.11 3.22 5.14 3.20
0.50 6.77 9.01 995 938 9.29 9.48 9.61 9.73 9.11 7.02 0.25 0.14 -0.84 -041
0.60 7.52 896 837 9.53 9.8 10.06  8.89 9.76 9.45 7.64 0.13 0.09 -1.27 -0.84
0.70 6.55 9.44 947 858 9.33 8.87 9.52 9.19 9.76 8.63 2.09 1.56 0.18 0.12
0.80 825 9.09 940 899 8.68 9.41 9.39 8.89 9.09 8.15 -0.10 -0.07 -1.94 -1.17
0.85 830 937 920 932 9.0 8.81 9.46 9.30 8.65 7.82 -0.48 -0.29 -1.88 -1.03
090 838 9.19 954 9.13 9.18 9.53 9.10 9.07 9.00 7.23 -1.15  -0.63 -2.45 -1.31

Value-weighted
0.10 3.83 4.53 6.11 6.53 6.49 6.33 6.95 8.51 9.70 8.48 4.66 1.97 2.96 1.29
0.15 4.00 472 6.40 6.60 7.20 6.30 7.03 7.39 9.33 9.12 5.11 2.04 4.75 1.94
0.20 279 6.25 6.36 6.38 6.61 7.11 7.12 7.23 8.59 9.68 6.89 2.72 7.12 2.74
0.30 347 6.24 5.64 6.02 7.85 6.96 6.89 6.53 8.18 9.66 6.19 2.33 6.83 2.50
0.40 3.69 6.37 6.24 6.53 7.16 6.83 6.09 6.27 7.96 8.99 5.30 2.06 7.35 2.87
0.50 3.89 544 537 545 6.36 7.28 7.65 6.36 4.89 7.08 3.19 1.42 3.72 1.42
0.60 593 556 597 530 570 5.80 6.53 7.13 7.7 6.82 0.89 0.39 0.23 0.08
0.70 440 6.63 592 T7.42 6.85 7.24 5.54 5.88 6.68 7.34 2.94 1.26 2.02 0.77
0.80 5.38° 748 550 6.67 6.78 6.74 6.51 6.12 5.01 6.45 1.07 0.43 0.65 0.25
0.85 5.07 705 6.70 6.34 6.51 6.51 6.75 6.29 5.63 5.54 0.48 0.18 0.75 0.29
090 496 6.84 6.30 6.58 6.26 6.76 6.87 5.37 5.72 5.57 0.62 0.22 1.53 0.55

4.3 Beyond CIQ(7) Betas

To specifically capture additional information beyond median dependence from the lower

and upper parts of the distribution, respectively, we define relative CIQ) betas as
Bret(r) == Bi(1) — B:i(0.5).

The results of the portfolio sorts based on relative betas are summarized in Table 14. These
results are in the spirit of the CIQ betas’ results presented above. The high minus low
portfolio sorted on 37¢/(0.2) yields annual 5.94% excess return (t = 3.22) with 6-factor
a = 6.45 (t = 3.17) for the equal-weighted portfolio. In case of the value-weighted portfolios,
we obtain annual return of 6.89% (¢t = 2.72) and o = 7.12 (t = 2.74).

Because there is a little theory on which 7 to choose when investing based on the exposure
to the CIQ(7) factors, we aim to aggregate the information from downside and upside factors

into compressed measures. To summarize the dependence in the whole lower or upper part
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of the factor structure, we define downside and upside CIQ betas as

glovn = > " F(Bi(r))

TE€Tdown

g7 =3 F(B(r)

TGTup

where F (ﬁZ(T)) = % We obtain the downside and upside CIQ betas as an average
cross-sectional rank of the CIQ betas for downside and upside 7s, respectively. Results of the
portfolio sorts based on those betas are summarized in Table 15. We can see that the long-
short portfolios sorted on downside CIQ betas provide significant excess returns of 5.19%
(t = 3.02) and 6.44% (t = 2.48) annual returns using equal- and value-weighted schemes,
respectively. On the other hand, an investment strategy based on upside beta does not yield
significant abnormal returns using either weighting approach.

To summarize the relative betas through the whole downside or upside parts of the joint

structure, we introduce downside and upside relative betas

5;lown,rel — Z )a (ﬁ;ﬂel (7_)) ’

TE€Tdown

girrhi= Y F(B(r)),

TGTup

which are obtained as a mean cross-sectional rank of the relative betas associated with the
exposure to the downside or upside CIQ(7) factors, respectively. The associated returns are
also summarized in Table 15. Similarly as in the case of the relative betas, downside relative
betas provide investment strategy with significant abnormal returns of 6.02% (¢ = 3.25) and
7.40% (t = 2.90) on an annual basis using equal- or value-weighted returns, respectively.

The returns of the portfolios based on relative upside betas remain insignificant.

5 Conclusion

We investigate the pricing implications of the exposures to the common idiosyncratic quan-
tile factors. These factors capture non-linear common movements in various parts of the
distributions across a large panel of stocks. Similarly, as the quantile regression extends the
classical linear regression, our quantile factor model of asset returns extends the approximate
factor models used in empirical asset pricing literature. We show that the downside quantile
factors can robustly predict the market return out-of-sample. We also provide evidence that

the expected returns are associated with the exposures to the downside common movements
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Table 15: Ten univariate sorted portfolios on combination CIQ betas. The table contains annualized out-
of-sample excess returns of ten portfolios sorted on downside (upside) and relative downside (upside) CIQ
betas. We use all the CRSP stocks that have at least 48 monthly observations in each 60-month window.
We report returns of the high minus low (H - L) portfolios, their ¢-statistics, and annualized 6-factor alphas
with respect to the four factors of Carhart (1997), CIV shocks of Herskovic et al. (2016), and BAB factor
of Frazzini and Pedersen (2014). We also report t-statistics for these alphas. Data contain period between
January 1963 and December 2018. In each window, we use all the CRSP stocks that have at least 48 monthly
observations, and we exclude penny stocks with prices less than 1$.

Weighting Variable Low 2 3 4 5 6 7 8 9 High H-L t-stat « t-stat

plown 4.71 720 854 923 948 1020 9.26 10.49 10.34  9.90 5.19 3.02 5.66 3.19
puP 773 9.45 954 873 9.23  9.08 9.43 9.30 8.56 8.30 0.57 0.36 -1.43 -0.79

Equal pdownrel 433 768 847 897 9.71 9.78 10.10  9.90 10.07  10.34 6.02 3.25 6.43 3.26
pgupsrel 858 9.04 889 887 926 9.05 9.07 9.03 9.24 8.31 -0.27  -0.18 -2.00 -1.23
pdown 3.08 6.41 590 5.85 572 8.06 6.96 7.59 8.31 9.52 6.44 2.48 7.15 2.88
Value pur 4.72 6.57 5.02 6.59 T7.11 7.21 6.53 5.57 5.50 7.51 2.79 1.17 2.38 0.96

plownsrel 297 635 579 647 6.85  6.73 7.53 6.61 8.38 10.37 740 2.90 7.52 2.91
pgupsrel 5,60 7.08 6.71 539 738 6.51 6.58 6.10 5.36 6.64 1.04 0.43 0.32 0.13

in contrast to the upside movements. Importantly, the quantile dependent factors provides
richer information to investors in comparison to other downside risk or volatility factors. We
perform various robustness checks to show that these results are not attributable to other
previously proposed risk factors. Most notably, we aim to prove that the common volatility
does not drive the results.

Future research may focus on better interpretability of the quantile factor models using
the characteristics-based quantile factor model proposed by Chen et al. (2023). This investi-
gation may identify which stock characteristics are related to exposure to common extreme
events. From a theoretical perspective, future endeavors could explore the link between the-
oretical quantile asset pricing models, such as the model of Ramos et al. (2020), and quantile
factor models. Furthermore, an important direction may extend the arbitrage pricing theory

into the quantile domain in the spirit of Renault et al. (2022).
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A Appendix A

Table 16: Correlations between CIQ(T) and other factors. The table reports correlations between CIQ(7)
factors and factors related to the asymmetric and variance risk. Data contain the period between January
1963 and December 2018.

variable / 7 0.1 0.15 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.85 0.9

Panel A: Levels of factors

PCA-SQ -0.68 -0.66 -0.59 -0.47 -0.23 0.06 0.12 0.44 0.61 0.65 0.70
CIvV -0.29 -0.26 -0.24 -0.16 -0.03 0.04 0.07 0.19 0.28 0.28 0.30
TR 0.07 0.07 0.06 0.02 -0.04 -0.02 -0.04 -0.19 -0.19 -0.19 -0.17
VRP 0.04 0.05 0.06 0.07 0.10 -0.08 -0.03 0.03 0.03 0.00 0.01
VIX -0.17 -0.15 -0.11 -0.01 0.16 0.08 0.13 0.30 0.33 0.30 0.28

Panel B: Differences of factors

PCA-SQ -0.54 -0.50 -044 -0.32 -0.11 0.17 0.17 0.35 0.51 0.55 0.60
CIV -0.20 -0.17 -0.17 -0.12 -0.06  0.06 0.07 0.11 0.15 0.15 0.13
TR 0.11 0.09 0.09 0.04 -0.03 -0.03 -0.03 -0.24 -0.26 -0.27 -0.25
VRP 0.14 0.12 0.10 0.07 0.02 -0.05 -0.03 -0.06 -0.07 -0.11 -0.10
VIX 0.20 0.23 0.23 0.22 0.22 0.07 0.10 0.10 0.05 0.01  -0.06
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Table 17: Portfolios sorted on the exposure to the ACIQ(T) factors. The table contains annualized out-of-
sample excess returns of five portfolios sorted on the exposure to the ACIQ(7) factors. We use all the CRSP
stocks that have at least 48 monthly observations in each 60-month window. We report returns of the high
minus low (H - L) portfolios, their t-statistics, and annualized 6-factor alphas with respect to the four factors
of Carhart (1997), CIV shocks of Herskovic et al. (2016), and BAB factor of Frazzini and Pedersen (2014).
We also report t-statistics for these alphas. Data contain period between January 1963 and December 2018.
In each window, we use all the CRSP stocks that have at least 48 monthly observations, and we exclude
penny stocks with prices less than 1.

T Low 2 3 4 High H-L t-stat « t-stat

Equal-weighted
0.10 6.38 8.69 9.11 10.32 10.17 3.78 2.59 4.36 2.79
0.15 6.10 891 949 1023 9.94 3.85 2.58 4.65 3.05
0.20 5.90 9.08 9.62 10.09 9.99 4.08 2.78 5.20 3.47
0.30 5.97 882 9.79 10.21 9.88 3.90 2.81 4.89 3.56
0.40 6.38 9.11 9.34 10.29 9.56 3.19 2.55 4.00 3.22
0.50 7.89 9.67 9.38 9.67 8.07 0.18 0.14  -0.04 -0.03
0.60 7.80 9.46 9.70 9.52 8.19 0.39 0.30 -0.55 -0.42
0.70 7.56 9.49 9.10 9.47 9.06 1.50 1.31 0.29 0.22
0.80 869 9.23 9.11 9.07 8.57 -0.12  -0.10 -1.37 -0.98
0.85 8.66 9.26 9.21 9.24 8.30 -0.36  -0.26 -1.59 -1.07
0.90 891 9.14 935 9.11 8.16 -0.75  -0.48 -1.83 -1.22

Value-weighted
0.10 4.74 6.10 6.63 7.58 9.16 4.42 2.20 4.26 2.24
0.15 4.36 6.13 6.71  7.38 9.08 4.72 2.39 5.40 2.90
0.20 498 6.07 6.75 7.15 9.07 4.09 2.09 5.39 3.05
0.30 5.06 5.87 7.00 6.82 8.03 2.97 1.57 4.43 2.59
0.40 5.14 596 6.83 6.71 7.57 2.42 1.36 4.40 2.53
0.50 4.67 544 6.80 7.07 5.43 0.77 0.46 0.90 0.45
0.60 5.24 4.85 6.51 7.64 6.11 0.87 0.50 -0.16 -0.09
0.70 496 7.37 6.52 6.08 6.75 1.79 1.06 1.48 0.84
0.80 6.11 6.13 6.69 6.28 5.99 -0.11  -0.06 -0.49 -0.28
0.85 6.12 6.31 6.58 6.50 5.92 -0.20 -0.11 -0.39 -0.22
0.90 5.92 6.18 6.91 5.90 5.86 -0.06 -0.03 -0.20 -0.11
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Table 18: Dependent bivariate sorts on CIQ(T) and PCA-SQ exposures. The table contains annualized
out-of-sample excess returns of five portfolios sorted on the exposure to the ACIQ(7) and PCA-SQ factor.
Exposure to the PCA-SQ factor are approximately same across the portfolios. We use all the CRSP stocks
that have at least 48 monthly observations in each 60-month window. We report returns of the high minus
low (H - L) portfolios, their t-statistics, and annualized 6-factor alphas with respect to the four factors of
Carhart (1997), CIV shocks of Herskovic et al. (2016), and BAB factor of Frazzini and Pedersen (2014). We
also report t-statistics for these alphas. Data contain period between January 1963 and December 2018. In
each window, we use all the CRSP stocks that have at least 48 monthly observations, and we exclude penny
stocks with prices less than 1$.

T Low 2 3 4 High H-L t-stat « t-stat

FEqual-weighted
0.10 6.91 858 9.39 9.77 10.02 3.11 2.78 3.22 2.57
0.15 7.03 864 939 9.68 9.93 2.90 2.57 2.97 2.44
0.20 6.84 865 9.61 946 10.12 3.28 2.91 3.63 2.91
0.30 6.84 855 9.81 943 10.04 3.20 2.86 3.42 2.84
0.40 7.03 898 9.19 985 9.63 2.60 2.29 2.69 2.22
0.50 8.07 9.61 9.35 9.37 8.27 0.20 0.16 -0.33 -0.25
0.60 8.07 9.59 9.35 9.30 8.36 0.30 024 -0.75 -0.60
0.70 759 9.68 890 931 9.19 1.59 1.59 0.93 0.86
0.80 828 9.58 881 895 9.06 0.78 0.80 -0.03 -0.03
0.85 836 9.05 897 9.63 8.67 0.30 0.31 -0.50 -0.44
0.90 849 9.10 9.27 9.23  8.59 0.11 0.09 -0.85 -0.70

Value-weighted
0.10 5.43 5.79 6.05 6.96 8.58 3.15 2.07 2.20 1.68
0.15 5.58 6.15 590 7.25 @ 7.77 2.19 1.43 1.76 1.24
0.20 6.08 5.88 597 6.80 791 1.83 1.30 1.95 1.42
0.30 6.21 6.09 6.25 6.22 8.04 1.83 1.23 2.11 1.50
0.40 5.56 6.56 6.15 6.75  7.08 1.51 0.96 1.99 1.30
0.50 5.15 5.58 6.25 7.02 6.42 1.27 0.80 0.28 0.16
0.60 5.55 5.27 6.08 7.41 7.22 1.67 0.99 0.19 0.11
0.70 6.01 6.41 6.58 5.68 7.56 1.55 0.98 0.55 0.39
0.80 5.77 6.12 6.28 6.15 6.65 0.88 0.59  -0.56 -0.37
0.85 5.81 6.12 6.53 6.29 6.48 0.67 0.49 -0.59 -0.40
0.90 5.15 6.63 6.36 6.49 6.71 1.56 0.97 0.05 0.03

Table 19: Portfolio results with 1-year holding period. The table summarizes returns of the CIQ(7) portfolios
which are held for one year after their formation. The returns are value-weighted.

T Low 2 3 4 High H-L t-stat a t-stat

0.10 3.71 6.13 582 800 941 5.70 2.56 6.49 1.70
0.15 4.01 5.79 6.15 821 9.12 5.11 2.28 6.69 1.88
020 4.15 6.48 580 810 8.98 4.83 2.25 7.00 1.93
0.30 4.14 6.40 6.34 7.25 8.40 4.26 2.06 5.14 1.33
040 397 6.44 6.18 7.10 T7.11 3.15 1.73 2.81 0.91
0.50 4.43 519 740 690 5.94 1.51 1.13 -1.32 -0.75
0.60 4.80 5.33 637 T7.21 6.26 1.46 1.12 -2.38 -1.47
0.70 5.17 6.11 6.94 6.57 6.37 1.20 0.91 -0.81  -0.60
0.80 5.82 5.86 685 6.92 5.21 -0.61 -0.38 -2.45 -1.92
0.8 545 6.14 711 6.83 5.21 -0.25 -0.13 -2.49 -1.84
090 5.82 594 699 646 532 -0.50 -0.27 -2.36 -1.52
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A.1 Simulation Study

We present a simulation exercise to illustrate how the CIQ(7) premiums would look like if
the driving force behind them were simply common volatility. We simulate the returns from

the following model
Tig = i + Btz +%(Vi = V) — %A + e (18)

where V; is the common variance factor, and the variance of the idiosyncratic error follows

the factor structure proposed by Ding et al. (2022)

it = ‘/i,tzi,ta
Vit = Viexp(pi + oiuip) = ‘/t‘z,t; (19)
Zi,ta u@t ~ Zld N(O, ]_)

Time-series variation of the returns drive two common factors — market factor, r,,;, and

variance factor V;. The expected return of a stock is then equal to
Elri] = a; + BiE[r,] + 7\ (20)

We assume that the market factor follows a simple GARCH(1,1) process of Bollerslev
(1986), which we fit on the market return from the empirical analysis. We assume that the
log of the variance factor follows a modified HAR model of Corsi (2009)

log Viy1 = 0o + O™ + Oy + v

(21)
Vip1 ~ i.d.d. N(0,02)

where x}" and z are the previous month’s log-variance and average log-variance over the last
12-month period, respectively. The common variance process is approximated by the cross-
sectional average of the squared residuals from the time series regression of stock returns on
the market factor. We fit the model from equation 21 on this time series. When simulating
this time series, we initialize the process by randomly selecting 12 consequent observations
of the common variance process estimated from the data and using those observations for
iterating forward.

We calibrate the simulation setting to match the CRSP data sample we employ in the
empirical investigation. We estimate stock-level market beta, [3;, using time-series regression
of stock return on the market return. Exposure to the common variance, ~;, is estimated by

regressing the stock return on the estimate of the common variance process. Price of risk
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associated with the variance exposure, A" is chosen to be equal to 3 x 1072.2° We estimate
stock-level parameters of the idiosyncratic error variance—u;, o;,—as the sample mean and
standard deviation of log ‘7” To approximate the ‘N/Lt, we use squared residuals from the
time-series regression of the stock return on the market return. Then, to simulate these
parameters, we approximate their distribution by normal distribution, with the mean equal
to the estimates’ cross-sectional average and the variance equal to the cross-sectional variance
of the estimates.

We simulate the panel of 2,500 stocks with 120 observations. We repeat the simulation
1,000 times. Each time, we simulate stock returns by randomly choosing parameters for the
stock-level process from the normal distribution with mean and variance corresponding to
their sample counterparts. We remove the common time variation in stock returns by first

forming the common linear factor

N
1
ft:ﬁ;m’t’ t=1,...,T (22)
and then regressing the returns on this factor
Tit = a; + Bzft + €y, (23)

which yields the residuals €;,. Those residuals are then used to form the common volatility
and quantile factors. We construct the volatility factor as the first principal component of
those squared residuals. ACIQ(7) factors are estimated as discussed in Section 2. Exposures
to those factors are then estimated using univariate time-series regressions of stock returns
on the increments of the volatility or quantile factors, respectively.

Similarly, as in the empirical investigation, we sort stocks into decile portfolios based
on their estimated exposure to the factors to infer the associated risk premiums. We proxy
the premiums by computing high minus low returns of the portfolios. Table 20 reports the
average premiums for all the CIQ(7) factors. We observe that the premium is positive for
the downside values of 7, negative for the upside ones and insignificant for the median.
The magnitude of the premiums is comparable across all 7 and, on average, in absolute
value equal to 9.44%. The premium associated with the exposure to the PCA-SQ factor is
-6.09%. We also compute associated t-statistics as a ratio between average premium and its

standard deviation across all the simulations. All the premiums except for the median value

20This value corresponds to approximately 6% annual high minus low premium obtained from ten port-
folios portfolios sorted on the exposure to the common variance. The choice of this value is not essential for
the results that we present here.
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Table 20: Simulated risk premiums. The table contains risk average premiums computed from high minus
low returns of decile portfolios sorted on exposure to the CIQ(7) risks. We simulate the returns using
common variance factor model proposed by Ding et al. (2022). We simulate panel of 2,500 stocks with
120 monthly observations. We perform the simulation 1,000 times. t-statistics are obtained by dividing
the average premium by its standard deviation. We also report proportion of rejections of non-significance
of CIQ(7) betas from multivariate cross-sectional regressions of average returns on those betas and market
betas.

T Premium  t-stat  Rejections
0.10 9.34 2.62 0.96
0.15 9.37 2.56 0.96
0.20 9.38 2.51 0.96
0.30 9.50 2.54 0.97
0.40 9.37 2.26 0.96
0.50 0.35 0.03 0.96
0.60 -9.61 -2.70 0.96
0.70 -9.60 -2.72 0.96
0.80 -9.52 -2.67 0.96
0.85 -9.42 -2.58 0.96
0.90 -9.35 -2.56 0.96

are significant, with values around 2.6 in absolute value. The t-value associated with the
PCA-SQ factor is -2.33. Next, we present the proportion of rejections of non-significance
of CIQ(7) betas at a 5% significance level from multivariate cross-sectional regressions of
average returns on those betas and market betas. We can see that the proportions are
virtually identical for both upside and downside betas of around 96%. The ratio for the
PCA-SQ betas is 90%.

As we can see from the results, if there was a common volatility element present in
the return, which is compensated in the cross-section, the CIQ(7) risk premium would be
symmetrical around the median. Moreover, the exposure to the PCA-SQ factor would be
priced in this case. Overall, the evidence from the simulation exercise suggests that the
CIQ(7) risk premiums we observe in the data are not attributable to the common volatility

compensation.
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